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2D-Toda lattices corresponding to the Cartan matrices of simple Lie algebras are
known to be Darboux integrable, i.e. they admit complete families of essentially
independent characteristic integrals. During the last three decades various discrete
analogs of these systems were obtained. In 2011 Habibullin proposed a systematic way
to discretize 2D-Toda lattices. His approach was based on the
idea to look for semi-discrete systems such that they have the same characteristic
integrals as their continuous analogs. Careful analysis of the systems corresponding
to the Cartan matrices of the rank 2 allowed Habibullin and his collaborators to
introduce semi-discrete and purely discrete analogs of 2D-Toda lattices and to
conjecture that they are Darboux integrable for Cartan matrices
of arbitrary rank. After that some partial results on Darboux integrability of these
systems were obtained, but the general claim remained unproved.

We prove that if function I is a y-integral of 2D-Toda lattice corresponding to some
Cartan matrix, then this function is an n-integral of its semi-discrete analog. This
implies the existence of a complete family of n-integrals for each of these systems.
We use the concept of characteristic algebra to prove that these systems admit
complete families of characteristic x-integrals as well.
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