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message	
  to	
  take	
  away:	
  

There	
  exits	
  an	
  intermediate	
  energy	
  scale,	
  called	
  saturation	
  scale,	
  
that,	
  by	
  dimensional	
  arguments,	
  deterimines	
  inclusive	
  and	
  semi-­‐	
  
-­‐inclusive	
  observables	
  in	
  kinematical	
  regions	
  where	
  no	
  other	
  
energy	
  (momentum)	
  scales	
  exist.	
  



Bjorken	
  Scaling	
  
neglec&ng	
  masses:	
  



DGLAP	
  Evolu&on	
  
Dokshitzer,	
  Gribov,	
  Lipatov,	
  
Altarelli,	
  Parisi	
  



DGLAP	
  Evolu&on	
  
solutions	
  found	
  by	
  taking	
  moments	
  (Mellin	
  transform):	
  



DGLAP	
  vs	
  BFKL	
  Evolu&on	
  

small	
  x 
large	
  W 

large	
  x 
small	
  W 

Balitsky,	
  Fadin,	
  	
  
Kuraev,	
  Lipatov	
  



Forward	
  BFKL	
  Amplitude	
  

transverse	
  	
  
momenta	
  

process	
  dependent	
  
impact	
  factors	
  

energy	
  dependent	
  
universal	
  amplitude	
  

zeroth	
  order	
  „initial	
  condition”:	
  



Forward	
  BFKL	
  Amplitude	
  
can	
  be	
  applied	
  in	
  DIS:	
  



Dipole	
  Picture	
  
BFKL	
  equation	
  has	
  very	
  simple	
  form	
  and	
  interpretation	
  in	
  the	
  
dipole	
  picture	
  of	
  A.	
  Mueller	
  

A.H.	
  Mueller	
  and	
  J.-­‐w.	
  Qiu,	
  
Nucl.	
  Phys.	
  B	
  	
  268	
  (1986)	
  427	
  



Gluon	
  Emission	
  in	
  the	
  Dipole	
  Picture	
  

•  large	
  Nc	
  
•  dipole	
  emission	
  kernel	
  is	
  very	
  simple	
  
•  reproduces	
  BFKL	
  equation	
  



BFKL	
  Eq.	
  in	
  the	
  Dipole	
  Picture	
  

no	
  singularities	
  at	
  e.g.	
  2	
   0	
  due	
  to	
  color	
  transparency:	
  N(0,Y)=0	
  



BFKL	
  Eq.	
  in	
  the	
  Dipole	
  Picture	
  

no	
  singularities	
  at	
  e.g.	
  2	
   0	
  due	
  to	
  color	
  transparency:	
  N(0,Y)=0	
  



BK	
  Equa&on	
  

double	
  scattering	
  stops	
  rapid	
  growth	
  of	
  the	
  amplitude	
  with	
  Y	
  
note	
  that	
  [….]	
  =	
  0	
  for	
  N	
  	
  	
  	
  	
  	
  1	
  

I.	
  Balitsky,	
  
Nucl.	
  Phys.	
  B	
  463	
  (1996)	
  99	
  
Y.V.	
  Kovchegov,	
  
Phys.	
  Rev.	
  D	
  60	
  (1999)	
  034008	
  



BK	
  Equa&on	
  

rewrite	
  in	
  terms	
  of	
  a	
  Fourier	
  transform:	
  

here	
  χ	
  is	
  a	
  BFKL	
  characteristic	
  function	
  related	
  to	
  the	
  kernel	
  K(k1, k2) 

there	
  exists	
  a	
  theorem	
  from	
  the	
  	
  ‘30	
  (Fisher,	
  Kolomogorov,	
  Petrovsky,	
  Piscounov)	
  
that	
  non-­‐linear	
  equations	
  of	
  this	
  sort	
  have	
  asymptotically	
  travelling	
  wave	
  solutions	
  

Y.V.	
  Kovchegov,	
  Phys.	
  Rev.	
  D	
  61	
  (2000)	
  074018	
  



Travelling	
  waves	
  
identify	
  

©	
  G.	
  Soyez	
  

S.	
  Munier,	
  R.B.	
  Peschanski	
  
PRL	
  91	
  (2003)	
  232001	
  
PRD	
  69	
  (2004)	
  034008	
  

1937	
  



Travelling	
  waves	
  

©	
  G.	
  Soyez	
  

same	
  as	
  	
  

initial	
  
contition	
  

velocity:	
  



Travelling	
  waves	
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slowest	
  mode	
  γc	
  	
  

fast	
  
mode	
  

solu&on	
  is	
  driven	
  by	
  the	
  slowest	
  mode	
  



Travelling	
  waves	
  in	
  QCD	
  

Mellin	
  transform:	
  

minimal	
  velocity:	
  



Travelling	
  waves	
  in	
  QCD	
  

Mellin	
  transform:	
  

minimal	
  velocity:	
  

travelling	
  wave	
  condition:	
  

saturation	
  scale:	
  
scaling	
  	
  
variable	
  



Travelling	
  waves	
  in	
  QCD	
  
imply	
  Geometrical	
  Scaling	
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A(b,s) = A(b/R(s)) 

M.	
  Praszalowicz:	
  Geometrical	
  Scaling	
  in	
  HE	
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Model:	
  Golec-­‐Biernat	
  Wüsthoff	
  

r 

Changing	
  the	
  reference	
  frame	
  

1/Q2 

K.J.	
  Golec-­‐Biernat,	
  M.	
  Wusthoff	
  
PRD	
  59	
  (1998)	
  014017	
  
PRD	
  60	
  (1999)	
  114023	
  



Geometrical	
  Scaling	
  

GS	
  does	
  not	
  depend	
  on	
  the	
  par&cular	
  form	
  of	
  the	
  dipole	
  cross-­‐sec&on	
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  dependence	
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Michal	
  Praszalowicz	
  

Satura&on	
  scale:	
  	
  
energy	
  and	
  x	
  dependence	
  

30	
  

large	
   x	
  	
  

λ = 0.329 ± 0.005 
up to  x = 0.08 (!) 



Satura&on	
  at	
  the	
  LHC	
  

Michal	
  Praszalowicz	
   31	
  

Bjorken	
  x ’s	
  of	
  colliding	
  partons:	
  
	
  
at	
  mid	
  rapidity	
  for	
  GeV	
  transverse	
  momenta	
  
	
  
	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  x1,2 ~ 10−2 – 10−3 

 
we	
  are	
  in	
  the	
  saturation	
  regime	
  characterized	
  by	
  the	
  	
  
saturation	
  scale	
  	
  	
  
	
  
	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Qs(x) ~ GeV	
  





Basics	
  of	
  geometrical	
  scaling	
  
Gribov,	
  Levin	
  Ryskin,	
  High	
  pT	
  Hadrons	
  In	
  The	
  Pioniza2on	
  Region	
  In	
  QCD.	
  
Phys.Le8.B100:173-­‐176,1981.	
  	
  

Kharzeev,	
  Levin	
  
Phys.Le8.B523:79-­‐87,2001.	
  	
  

33	
  

unintegrated	
  glue	
  gluon	
  distribu&on	
  

Michal	
  Praszalowicz	
  



Basics	
  of	
  geometrical	
  scaling	
  

34	
  

unintegrated	
  glue	
  gluon	
  distribu&on	
  

Golec-­‐Biernat	
  –	
  Wuesthoff	
  (DIS)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Kharzeev	
  –	
  Levin	
  (AA)	
  	
  

scaling	
  variable	
  

Michal	
  Praszalowicz	
  



Basics	
  of	
  geometrical	
  scaling	
  
for	
  y	
  ~	
  0	
  (central	
  rapidity)	
  i.e.	
  for	
  x1	
  ~	
  x2	
  =	
  x	
  and	
  for	
  symmetric	
  systems	
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Basics	
  of	
  geometrical	
  scaling	
  
for	
  y	
  ~	
  0	
  (central	
  rapidity)	
  i.e.	
  for	
  x1	
  ~	
  x2	
  =	
  x	
  and	
  for	
  symmetric	
  systems	
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  scaling	
  
for	
  y	
  ~	
  0	
  (central	
  rapidity)	
  i.e.	
  for	
  x1	
  ~	
  x2	
  =	
  x	
  and	
  for	
  symmetric	
  systems	
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Basics	
  of	
  geometrical	
  scaling	
  
for	
  y	
  ~	
  0	
  (central	
  rapidity)	
  i.e.	
  for	
  x1	
  ~	
  x2	
  =	
  x	
  and	
  for	
  symmetric	
  systems	
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Basics	
  of	
  geometrical	
  scaling	
  
for	
  y	
  ~	
  0	
  (central	
  rapidity)	
  i.e.	
  for	
  x1	
  ~	
  x2	
  =	
  x	
  and	
  for	
  symmetric	
  systems	
  

saturation	
  scale	
  =	
  gluon	
  density	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  per	
  transverse	
  area	
  Michal	
  Praszalowicz	
   39	
  



Geometrical	
  scaling	
  of	
  pT	
  distribu&ons	
  

Michal	
  Praszalowicz	
   40	
  

L.	
  McLerran,	
  M.	
  P.	
  Acta	
  Phys.Polon.B41:1917,2010,	
  B42:99,2011	
  	
  
M.	
  P.	
  Phys.Rev.Lett.106:142002,2011,	
  Acta	
  Phys.Pol.	
  B42	
  (2011)	
  1557-­‐1566	
  
Phys.Rev.	
  D87	
  (2013)	
  071502(R)	
  



Determina&on	
  of	
  lambda	
  

ALICE	
  1307.1093	
  [nucl-­‐ex],	
  Eur.Phys.J	
  C73	
  (2013)	
  2662	
  

inelas&c	
  



Determina&on	
  of	
  lambda	
  

ALICE	
  1307.1093	
  [nucl-­‐ex],	
  Eur.Phys.J	
  C73	
  (2013)	
  2662	
  



Consequences	
  of	
  GS	
  



Consequences	
  of	
  GS	
  

integral	
  over	
  dτ	
  	
  
is	
  energy	
  	
  
independent	
  

effec&ve	
  growth	
  
of	
  mul&plicity	
  is	
  
slower	
  than	
  λ	
  

= 0.23 



Power-­‐like	
  growth	
  of	
  mul&plicity	
  
plot:	
  P.	
  Braun-­‐Munzinger,	
  
54	
  Cracow	
  School	
  of	
  
Theore&cal	
  Physics	
  
(from	
  ALICE-­‐PUB-­‐44337)	
  

h8p://th-­‐www.if.uj.edu.pl/school/2014/talks/braun-­‐munzinger_1.pdf	
  

transverse	
  area	
  is	
  	
  
energy	
  indpendent	
  



Average	
  transverse	
  momentum	
  



Average	
  transverse	
  momentum	
  



Mean	
  pT	
  as	
  a	
  func&on	
  of	
  Nch	
  
•  <pT>(Nch)	
  –	
  correla&ons	
  are	
  

sensi&ve	
  to	
  the	
  fine	
  details	
  of	
  
dynamics	
  

•  difficult	
  to	
  describe	
  by	
  
untuned	
  MonteCarlos	
  

•  possible	
  sign	
  of	
  phase	
  
transi&on	
  



Mean	
  pT	
  as	
  a	
  func&on	
  of	
  Nch	
  



Mean	
  pT	
  as	
  a	
  func&on	
  of	
  Nch	
  

interac&on	
  radius	
  



Mean	
  pT	
  as	
  a	
  func&on	
  of	
  Nch	
  

interac&on	
  radius	
  
phenomenological	
  formula:	
  

nonperturbai&ve	
  
coefficient	
  
	
  
α,	
  	
  β	
  do	
  not	
  depend	
  on	
  energy,	
  do	
  depend	
  on	
  par&cle	
  species	
  



Interac&on	
  radius	
  
Transverse	
  size	
  and	
  	
  expansion	
  &me	
  (longitudinal	
  size)	
  are	
  propor&onal	
  for	
  fixed	
  mul&plicity	
  	
  

ST ST ST ST 

similar	
  effect	
  in	
  
mul&pomeron	
  
model,	
  where	
  
string	
  tension	
  	
  
is	
  growing	
  with	
  
mul&plicity	
  

M.	
  A.	
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Phys.	
  Le8.	
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  287,	
  154(1992)	
  	
  
Nucl.	
  Phys.	
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  390	
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  542,	
  559	
  	
  

	
   	
   	
  	
  	
  	
  	
  	
  	
  (1993)	
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Phys.	
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Interac&on	
  radius	
  
A.	
  Bzdak,	
  B.	
  Schenke,	
  P.	
  Tribedy	
  and	
  R.	
  Venugopalan,	
  
Ini2al	
  state	
  geometry	
  and	
  the	
  role	
  of	
  hydrodynamics	
  in	
  proton-­‐proton,	
  proton-­‐nucleus	
  and	
  deuteron-­‐nucleus	
  collisions,	
  
Phys.	
  Rev.	
  C	
  87	
  (2013)	
  064906,	
  [arXiv:1304.3403	
  [nucl-­‐th]].	
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  of	
  mean	
  pT	
  

parton-­‐hadron	
  duality	
  



Scaling	
  of	
  mean	
  pT	
  

parton-­‐hadron	
  duality	
  

scaling	
  variable	
  

CMS	
  Collabora&on,	
  Eur.	
  Phys.	
  J.	
  C72	
  (2013)	
  2164,	
  C74	
  (2014)	
  2847	
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parton-­‐hadron	
  duality	
  

scaling	
  variable	
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scaling	
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-­‐	
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transverse	
  area	
  is	
  	
  
energy	
  indpendent	
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Energy	
  dependence	
  of	
  mean	
  pT	
  	
  
-­‐	
  apparent	
  paradox?	
  

transverse	
  area	
  is	
  	
  
energy	
  indpendent	
  

If	
  one	
  fixes	
  mul&plicity	
  and	
  then	
  
changes	
  energy,	
  transverse	
  area	
  
has	
  to	
  change	
  accordingly	
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Energy	
  dependence	
  of	
  mean	
  pT	
  	
  
-­‐	
  apparent	
  paradox?	
  

transverse	
  area	
  is	
  	
  
energy	
  indpendent	
  

If	
  one	
  fixes	
  mul&plicity	
  and	
  then	
  
changes	
  energy,	
  transverse	
  area	
  
has	
  to	
  change	
  accordingly	
  

new	
  scaling	
  variable	
  



Mean	
  pT	
  scaling	
  

pp	
  7	
  TeV	
  
pp	
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Viola&on	
  of	
  GS	
  for	
  y	
  ≠	
  0	
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x1 can be large, so that gluons in 1 are dilute 
x2 is then small in the dense region 
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  Phys.Rev.	
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GS	
  in	
  HI:	
  centrality	
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small centrality                           large centrality 

number	
  of	
  par&cipants	
  

Npart ~ V 



GS	
  in	
  HI:	
  centrality	
  dependence	
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Scaling	
  of	
  the	
  saturation	
  scale:	
  

Geometrical	
  Scaling	
  of	
  Direct-­‐Photon	
  Produc2on	
  	
  
in	
  Hadron	
  Collisions	
  from	
  RHIC	
  to	
  the	
  LHC	
  	
  
Chris&an	
  Klein-­‐Bösing,	
  Larry	
  McLerran	
  arXiv:1403.1174	
  



GS	
  in	
  HI	
  



Energy	
  Scaling	
  in	
  HI	
  

energy	
  scaling	
  works	
  quite	
  well,	
  why?	
  



Centrality	
  Scaling	
  in	
  HI	
  



Summary	
  
• 	
  QCD	
  evolution	
  equations	
  lead	
  to	
  overabundance	
  of	
  gluons	
  
• 	
  Nonlinear	
  evolution	
  introduces	
  new	
  scale:	
  saturation	
  momentum	
  
• 	
  GS	
  should	
  emerge	
  if	
  no	
  other	
  scales	
  are	
  present	
  	
  
• 	
  GS	
  in	
  DIS	
  works	
  for	
  rather	
  high	
  Bjorken	
  x	
  
• 	
  GS	
  works	
  also	
  for	
  charged	
  particles	
  in	
  pp	
  
• 	
  GS	
  for	
  mean	
  pT	
  and	
  for	
  <pT>(Nch)	
  
• 	
  GSV	
  is	
  found	
  for	
  y	
  ≠	
  0	
  in	
  agreement	
  with	
  expectations	
  
• 	
  Energy	
  and	
  centrality	
  dependence	
  of	
  GI	
  in	
  HI	
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  is	
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  for	
  y	
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  in	
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  with	
  expectations	
  
• 	
  Energy	
  and	
  centrality	
  dependence	
  of	
  GS	
  in	
  HI	
  	
  
• 	
  Is	
  GS	
  a	
  real	
  sign	
  of	
  saturation?	
  
• 	
  Why	
  in	
  pp	
  	
  GS	
  is	
  not	
  washed	
  out	
  by	
  FSI?	
  
• 	
  Why	
  in	
  HI	
  hydro	
  preserves	
  (at	
  least	
  partially)	
  GS?	
  
• 	
  Nonuniversality:	
  different	
  values	
  of	
  λ	
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