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The general 2HDM potential
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> Standard parametrization(s) of the general 2HDM potential.

> Second form most convenient in the study of invariants. Zin = A, Zazza =N, Ziize = Zoan = As,
Z1991 = Zo112 = M,  Zi212 = X5, Zaiz1 = (As5)”
Z1112 = 21211 = )\6: 21121 = Z2111 = ()\6)*7
21222 — Z2212 — )\7: Z2122 — 22221 — ()\7)*




Choice of basis is not unigque

> Initial expression of potential is defined with respect to doublets (I)l and (I)2 :

> We may rotate to a new basis by the following transformation

(I),,; — Uij (I)j
where U is any U(2) matrix.
> Potential parameters change under change of basis.
> Physics is the same regardless of our choice of basis.

> Observables cannot depend on choice of basis — they should be basis-independent, i.e.
Invariant under a change of basis.
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> Most general U(2) matrix:



All the parameters of the potential
change under a U(2) basis
transformation.

Meaning: None of the parameters
represent physical observables.

Combinations of parameters can remain
unchanged, for instance

M3, + M3y = mi; + m3y,
AL+ A2 +2A3 = A+ A2+ 23,
MA+A+2 s = A+ Ao+ 2.

Meaning: These combinations represent
physical observables.

Parameters transform under change of basis
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Ref: Gunion & Haber, Phys. Rev. D 72, 095002 (2005)



Vacuum expectation values (VEVS)

Most general form that conserves electric charge:

(®1)
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v? + v3 = v? = (246 GeV)?

We demand that the VEVs should
represent a minimum of the potential

Electroweak Symmetry Breaking:

Work out stationary-point equations by
differentiating the potential with respect to
the fields and put these to zero.

[Ref. JHEP11 (2014) 084].

Minimum enforced by demanding all
physical scalars have positive squared
masses (later).
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VEVs also change under basis

transformations:
0 \/’U% cos? 0 + v3 sin? @ + vy vy sin 20 cos(&a1 — &),
§o1 =& — &1
Ty = \/Uf sin? 6 4 v cos2 f — v1vg sin 20 cos(Ea1 — €).

D1 (201 v2(cos 20 cos(£a1 — &) cos x — sin(€ay — &) sin ) + (v3 — v?) sin 20 cos x)
Ua(v} + v3 — (v3 — v?) cos 20 + 2v1v2 cos(€21 — &) sin 26)

D1 (2v1v2(cos 260 cos(€a1 — £) sin x + sin(€ay — &) cos ) + (v2 — v?) sin 20 sin y)
v2(v} + v3 — (v5 — v}) cos 20 + 2v1vs cos(€z1 — £) sin 20) '

It is easy to show that
’z_)% + @% = v% + v%

Rt e G 2 _ .2 -

eaning: vy + v5 = v° is a basis-

iInvariant quantity, hence a physical
observable.



Parametrization of the doublets and the charged fields

> Each doublet is parametrized as:
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> Massless charged goldstone fields G*
are extracted by introducing orthogonal
states:

(=) =( 20wy (a)

> H* represent the massive charged
scalars

M2

HE — 2v1vg cos &g1

> We work out the mass of the charged

scalars:
v Re (M3, — v3Ae — v3A7 — V102 [Ag cos or + A5e’én])

> Performing a change of basis we find

that s )
MHi — MHi

> telling us that Méi IS a basis invariant
and therefore a physical observable
(as it must be).



Parametrization of the doublets and the neutral fields

>

(

>

Massless neutral goldstone field G° is
also extracted by introducing orthogonal

states:

Wyl ()

We are left with three massive fields:

n., N, and ns, but these are not mass
eigenstates.

Mass terms given as

1 o 10
5(771 m m3) M| 2] .
13
Matrix elements are given in

[JHEP11(2014)084].

>

>

We rotate into the physical fields by
diagonalizing AM? using an orthogonal
matrix R:

Ri1 Ri2 Ris
R= | Ra1 Raa Ros
R31 R32 Rss

RM?RY = diag(M?, M2, M2)
Physical fields are now given as

Hy m
Hy | =R | n
Hs 73



Transformations of mass matrix elements and rotation matrix
elements under change of basis

Mi,
My
Mi;
My

P2 M3, + PAM2, + P2 M2, + 2P Py M2, + 2Py Psy M2, + 2Py, Py M2,
PLM3, 4+ PHME, + Po Mis 4 2P1a Pas M3y + 2P1o Pso M35 + 2Py P3s M3,
PAE M3, + PEME, + PEM2; + 2P 13 Py M2, + 2P13 Pss M2, + 2Py3 Psg M2,
= Py PioM7i; + Pa1 Pao M3, + P31 Pio Mig

+(P1aPay + Pi1 Pag) M3y + (PraPs1 + Pr1Ps2) Mis + (PaaPsy + Pa1 Paa) M3
= P11 PisM3; + Po1 PysM3, + Pa Pis M3,

+(Pi3P21 + Pi1Py3) M7y + (P13 Ps1 + P11 P33) M3 + (Pas P31 + Po1 Ps3) M3,
= PiaPisM7; + PaoPosM3, + Paa Pis M3,

+(Pi3Pas + P12 Py3) M7y + (P13 Ps2 + PiaPs3) M3y + (PagPsa + Pag Ps3) Mg

Pi1R11 + Po1 Ria + P31 Ry3
PioRy1 + PaaRia + P3aRq3

( )
( )
( )
( )

= (P12R21 + P22 Ra2 + P3aRa3)
( )
( )
( ) not observables:
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None of the squared mass matrix elements or rotation
matrix elements are invariants, and therefore they are



Invariance of the neutral masses

>

>

Combinations of squared mass matrix
elements that are invariant are the trace,
the sum of principal cofactors and the
determinant, i.e.

= —(MP + M3y + M3y),

- M%1M32 + M%1M§3 + M§2M§3
—(M15)? = (Mi3)? = (M3,)%,

= M7 (M33)? + M3y (M33)? + M33(My)?
—~ M Mo M35 — 2MT M3 M.

Are all found to be basis invariant,
hence observable

The eigenvalues of the squared mass
matrix gives us the three neutral

MassSes.

Characteristic equation for eigenvalues:

N4+ +ed+d=0
Eigenvalues (masses) are found to be

hence observable
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All masses are basis invariant,
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Invariance of scalar couplings

qi

Some important scalar couplings

Coefficient(V, H;H~ H™)
v1v3 V3 v3R;1 + V3R,
7?1)22 By + 7:)22R?;2/\2 g e T

B v1v2(v2Ri1 + v1 Ri2)

A3

2

(Mg +RelXs) + %Riglm A5
v

e
2 2 2
— 2v7)R; R;
+®2(”2 v7) 21+’Ulvz 2Re)\6—v—2Rz-31m)\6
v v
2 9 2 R?, Rf 2
vy (Vg v3) 2,2 + vive i Re A — U—IRZ'?,II’D Mo,
v v
Coefficient(V, H-H-HTH™)
4 4 2,2 3 3
(35 V] VIV 2u1v; 207 Vg
2(04)\14—2?)4/\2—{- A (A3 + A4+ ReXs) — > Re Ag — > Re 7.

These also turn out to be basis
Invariant, hence observables.
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Invariance of gauge couplings

> Gauge couplings

g

HiHqu : e B eijkek(pi - pj)ua
. 2
ig

H@Z Zyi 7 V)

H 2 cos? Owe In
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(}

H@W:Wy_ : %eiguv-

e; = v1 i1 + v R0

es + e35 + e3 = v? = (246 GeV)?

1R + Do Ris = v1Ry1 + vaRyo

Showing that these gauge couplings are
invariant under a change of basis,
hence they are observables.

Most couplings are invariants. Some
(the complex ones) are pseudo-
Invariants (their absolute value is
iInvariant).

No surprise: Masses and couplings are
iInvariants and possible to measure in
experiments.
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Systematic construction of invariants by use of tensors.

>

Introduce V_, tensor as:

Vab —

>

Vo Uy

22
1
02

 (

5 iy
Vi v Uge 21
V1 U et521 v%

Transformation rules of Y, Z,,.4 @and
V,, tensors under change of basis:

UYU",
UvuT,
UaeUcg Zesgn Ul U4

We may now put together an arbitrary
number of Y-, Z- and V-tensors and
contract the indices with an odd-
numbered position with the indices with an
even-numbered position to get an

invariant quantity.

Examples

VCL a
YCLG

Zaabb

Zabba

1,
L 2
—§(m11 +m3,),

)\1 + )\2 + 2)\37
A1+ Ao+ 2A4.

We already know these to be invariant!
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Systematic construction of CP-violating invariants by use of tensors

> Invariants are observables and so > Promote your observables to
Invariant couplings.

> How do we translate an invariant
expression consisting of potential
parameters/VEVs to an expression
containing only masses and
couplings?

> Choose to work in a particular basis
(the Higgs-basis) and establish P ={Mg., M{, M5, M3, e1,e2,€3,41, 92,93, 4}
identities between observable
guantities in this basis.
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From parameters to masses and couplings via Higgs-basis

> Only one VEV is non-zero. > Charged scalar mass:
2
v =v, v3=0, &1=0 Mpy = Yoy + %21122

1 0 0 > Neutral mass matrix:
(®1)uB = —= ( ) , (®P2)uB = ( )

\/Q v 0 M? = RTdiag(M2, M2, M2)R
( Z1111 Re Z1112 v —Im Zy112
- - =v?| ReZiniz  5(Zi22 + Z1221 + Re Z1a12) + 2 —3Im Z315
> Not unique, as one may still perform a Iz i Zuiois | (Zissa + Zios — Re Zioiz) + Y2

U(1) transform on &, without giving &,

> Treat the above as seven equations and
a non-zero VEV.

solve to get

. : : )
(¥
> Stationary-point equations Vo = M
Joy — BLME+ B3 M3+ RS, M3
v2 ’
02 Tugg = 2Mie + (R + Rig)ME + (RS, + R3y) M3 + (RS, + ) M3
Yiu = ——Zun 2 — 2 £ 1
9 ) mu — v A1 ’ ReZyy — Ry1R12 M7 + Rgy Rya M3 + Rgy Rao M3
2 - b2 ’
v 2 2
ReYis = _ERG Z1112, Re m12 — v Re Aﬁ s ImZi2 = _ RuRisM{ + Ry Ras M3 + Rai Ry M3
v2 ’
2 2 2 (R2, — R%,)M2 + (R2, — R%,)M2 + (R2, — R%,) M2
— _ 12 13/=451 22 23 2 32 33 3
mYi, = —ImZi, Imm7{, = v°Im Ag, ReZisy = & ,
I Ziss — 2 Ria2R13M7 + RosRas M3 + R3aR33 M3
- i _
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From parameters to masses and couplings via Higgs-basis

> Scalar couplings in the Higgs-basis. > All parameters of the potential has now
been repla lar lin n
¢ = v(Ri1Zisz + RioRe Zig22 — Rizlm Z1292), SLEEE [0 SEEIEN EOU[BIgS & .d
] masses (and elements from the rotation
q¢ = 5Znmn. matrix).
> Treat as four equations and solve to get > Gauge couplings in the Higgs-basis
6. — U .
7 _ Ruqi + Ra1g2 + R31q3 v Rzl
He v ’ > Combinations of rotation matrix
Re Zigpy = Rioq1 + Roaqo + R32q3 elements appearing in the invariants
v ’ can all be expressed in terms of the
Im Zi099 = _BRisqu + Rasgo + R3393j three e, by utilizing the orthogonality of
v R.

Zyooa = 2q.
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Applying the technique to CP-even invariants

1

> We already know Y, = —5(777?1 + m%2)a
Zaabb — Al ‘1‘ AQ _l— 2)\39
Zabba — /\1 T /\2 T 2)\4

> Applying the technique outlined we arrive at

1 1
Yoo = Mpys — 55 (eiM; + e3My + e3Mz) — o (e1q1 + e2g2 + €34s),
1 2
Laabh = 2q-+ U—4(€%M12 + esM3 + esM2) + 5(6191 + e2q2 + €3q3),
4 1 2
Zabba — 2(] — ,U_QMEIi — U_4(6%M12 + €§M22 -+ e%Mg?) -+ ,U_Q(Mlz -+ M22 —|-M32)

16



Applying the technique to CP-odd invariants

ImJ; = —5_21111 [VdaYabeccd]:

> CP-properties given by three CP-odd invariants Im J, = 5—41111 Vo VacYoeYef Zeagal,

Im JS = Im [VabvchbggeZchhfZeafd] .

> Applying the technique outlined we immediately arrive at

1
ImJ, = $[€1€3Q2(M12 — M3) + ese1qs(M3 — M) + egeaqn (M3 — M3)],
ImJ, = 2722(M7 — M3)(M3 — M3)(M — Mp).

> Im J; is a little more complicated:

Im Jg — cllm Jl + CQIIII J2 + clllm Jll -+ CgoIIIl Jgo

|

_ 2 712 > g
Vanishes when ImJzo = l|eaqugs(M{ — M3 )2+ 63(1;(11(]\/[2 M7)
ImJ; =1ImJ, =0 +erezqa(My — M3)],
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CP properties of the 2ZHDM and Summary

> PutimJ; =1ImJ, =1Im J;, = 0 and solve

6 distinct cases:

> Case 1: M;=M,=M,. Full mass
degeneracy.

> Case 2: M;=M, and e,q, = e,q,
> Case 3: M,=M; and e,q; = e;q,
> Case 4: e,=0 and q,=0
> Case 5: e,=0 and g,=0
> Case 6: e;=0 and g5;=0

If none of the above occur, then CP is
broken!

> Summary

> All observables can be
written in terms of invariant
guantities (masses and
couplings).

> Simple, yet powerful method
presented for translating
Invariants from parameters
to observables.
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