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The phase transition
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Figure 1: A �rst order phase transition.
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The e�ective potential

• Ve� (φ) = V0 (φ) + ~V1 (φ) + ~2V2 (φ) + . . .

• The energy density in the presence of a background �eld
〈Φ (x)〉 = φ.

• We can now solve ∂Ve�
∂φ |φm = 0 to minimize Ve� and �nd the

"true" vacuum φm = φ0 + ~φ1 + ~2φ2 + . . .
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The e�ective potential... at �nite T

• Ve� (φ, T) = V0 (φ) + ~V1 (φ, T) + ~2V2 (φ, T) + . . .

• The background energy density in the presence of a
background �eld 〈Φ (x)〉T = φ (T), and a thermal medium with
temperature T .

• We can now solve ∂Ve�(φ,T)
∂φ |φm = 0 to minimize Ve� and �nd

the "true" vacuum φm (T) = φ0 + ~φ1 (T) + ~2φ2 (T) + . . ., in
the presence of thermal �uctuations
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Gauge dependence of Ve�

• In gauge theory, there are "unphysical" degrees of freedom:
time-like polarizations of gauge bosons, ghosts and goldstone
bosons.

• For observables, these d.o.f.’s must cancel among each other
=⇒ e.g. with Rξ-gauge �xing, observables should be
independent of ξ.

• But the e�ective potential depends on ξ:

GB : m2
GB (φ, ξ) = m̃2

GB (φ) + ξm2
A (φ)

Ghost : m2
c (φ, ξ) = ξm2

A (φ)
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Gauge dependence of Ve�

The energy density of the vacuum state is physical:

∂Ve�
∂φ |φm = 0 =⇒ ∂Ve�

∂ξ |φm = 0

• The Traditional way of �nding the critical temperature Tc is to
evaluate Ve� (φ) to one loop and minimize it numerically.

• This induces a gauge dependence in Tc , due to a mixing of
orders of ~.
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Gauge dependence of Ve�

Patel and Ramsey-Musolf [ArXiv:1101.4665]:
by appropriately truncating the power series in ~:

φm = φ0 + ~φ1 + ... =⇒
Ve� (φm) = V0 (φ0)+~V1 (φ0)+~2

(
V2 (φ0)− 1

2φ
2
1

d2V0
dφ2 |φ0

)
+O

(
~3)

it is possible to determine Tc in a gauge invariant way
(PRM method).
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PRM method

-1.2x109

-1x109

-8x108

-6x108

-4x108

-2x108

 0

 0  20  40  60  80  100  120  140  160

V 
[φ

]  
[G

eV
4 ]

T [GeV]

V(φ=0)
V(φ=v)

Figure 2: Determination of Tc in the SM, with mh = 125.09 [GeV], using
the PRM method. 7



Traditional
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Figure 3: PRELIMINARY plots of Ve� (φ, T = 75 [GeV]) in the SM, with
mh = 65 [GeV], for di�erent values of ξ. 8



PRM & Traditional
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we write down the 1-loop finite-temperature effective poten-
tial (25)

Veff(h) = V0(h) + !
[
V T=0

1 (h) + V T ̸=0
1 (h, T )

]
, (101)

where explicit expressions in the MS renormalization scheme
are provided in Appendix F. To determine the critical tem-
perature, we use (43) to follow the temperature-evolution of
the free energy of the symmetric h

(1)
0 and broken h

(2)
0 phases.

Then theO(!) degeneracy condition defining the critical tem-
perature of the phase transition reads

V0(h
(1)
0 ) + !V1(h

(1)
0 , TC) = V0(h

(2)
0 ) + !V1(h

(2)
0 , TC) .

(102)

Before we proceed with numerical results, we explicitly
show that both sides of (102) are gauge-independent, refer-
ring to (F1) and (F2). The statement is trivial for the LHS,
since the one-loop potentials V T=0

1 (h) and V T ̸=0
1 (h, T ) are

evaluated at the origin h
(1)
0 = 0. At that point, m2

W and m2
Z

both vanish and all gauge-dependent terms that multiply them
disappear. In the RHS, the potential is evaluated at the tree-
level broken phase minimum h

(1)
0 =

√
µ2/λ. In this case

m2
G = 0, and the gauge-dependent terms cancel.
Let us illustrate how theorem 1 in Appendix B operates

for the matrices in eqns. (97) and (98). Notice that the
sum M2

ij(h) + ξm2
A(h)ij that goes into the computation of

the effective potential (24), for general values of the Higgs
background field h, has mixed dependence on the gauge-
parameter. This blocks us from being able to split logarithms
as in (22). However when evaluated at the tree-level minimum
h

(2)
0 = ±

√
µ2/λ, we find

M2
ij(h

(2)
0 ) = diag

(
0, 0, 2µ2, 0

)

m2
A(h

(2)
0 )ij =

µ2

4λ
diag

(
g2, g2, 0, (g′2 + g2)

)
,

that these matrices are (trivially) simultaneously diagonaliz-
able, and more importantly, their non-zero eigenvalues reside
in distinct subspaces. This property enables us to split the
logarithm as in (22).
We can also verify theorem 2 for the matrices in Eqs.

(98) and (99) by diagonalizing the gauge boson mass matrix
m2

A(h
(2)
0 )ab via a rotation through the weak mixing angle θW :

Rabm2
A(h)bc(RT)cd =

1

4

⎛
⎜⎝

g2

g2

0
(g′2 + g2)

⎞
⎟⎠ h2 ,

where

Rab =

⎛
⎜⎝

1
1

cos θW − sin θW

sin θW cos θW

⎞
⎟⎠ , tan θW = g′/g .

Therefore, the matricesm2
A(h

(2)
0 )ab andm2

A(h
(2)
0 )ij have the

same non-zero eigenvalues. Thus, when carrying out the sum
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FIG. 5: A comparison of the critical temperatures as computed using
the following methods: the standard method (solid line); the gauge-
independent methods described in the text, derived from the full the-
ory (dashed lines); and by performing lattice simulations (arrow).
Note that the lattice result is much higher than the perturbative esti-
mations and is displayed on a separate scale.

over eigenvalues in (21) and (25), the gauge-dependent terms
cancel.
Finally, as outlined in section IV, the gauge-independent

sphaleron scale v̄(T ) is derived from the high-temperature ef-
fective theory. In the standard model, the sphaleron scale is
given by (79) and (30).

A. Numerical results

In Fig. 5, we compare critical temperatures derived follow-
ing our gauge-independentmethod with the one derived using
the conventional procedure as a function of the gauge parame-
ter ξ. In this example, we have chosen λ = 0.035 correspond-
ing to a low Higgs mass of approximately 65 GeV – close to
the phase transition end-point according to lattice studies.
In this plot, we display the gauge-independent results for

TC at two levels of approximation: at O(!) using (102), and
an estimate at O(!2) with ring re-sum (60) using

V
O(!2)
eff (h(1), TC) = V

O(!2)
eff (h(2), TC) , (103)

where

V
O(!2)
eff (h, T ) = V0(h0) + !V1(h0) + ∆V G.I.

ring (T )

+ !2
[
V2(h0, T ) − 1

2h2
1(T )∂2V0

∂h2 |h0

]
− O(!2T 3) . (104)

The O(!2T 3) subtraction represents a careful removal of that
term so as to not double-count the contribution in ∆V G.I.

ring (T ).
At present we are able to provide only a rough estimate of
the O(!2) contribution since the expression for V2(h, T ) in

Figure 4: From Patel and Ramsey-Musolf’s paper [ArXiv:1101.4665].
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Purpose and goals of our C++ implementation

• Provide a testing ground for di�erent models and methods

• Fast numerical evaluations

• Usability: straight-forward implementation of di�erent models
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The SM
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Figure 5: PRELIMINARY determination of Tc in the SM, for di�erent values
of the Higgs mass. 11



Summary

• The e�ective potential is ξ-dependent, but one can with care
extract ξ-independent observables from it.

• Our goal: developing a C++ code to test if it is important to
care about this ξ-dependence, for di�erent models.
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Questions?
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