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galaxy rotation collisions of clusters
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Inflation and reheating1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Inflation: a slowly rolling scalar field in FRW, ds2 = dt2 − a(t)2dx2
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Primordial fluctuations1. Dark Matter
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5. Prospects

Quantum fluctuations in ϕ, g are stretched by the
expansion

(Y. Mambrini)

Comoving 
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Primordial fluctuations1. Dark Matter

2. Inflation

3. Production
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5. Prospects

Quantum fluctuations in ϕ, g are stretched by the
expansion

(Y. Mambrini)

Comoving 
 Horizon

Time [log(a)]
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horizon exit horizon re-entry

density fluctuation

(D. Baumann)

Curvature: R =
1
2δg00 +

H
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k3 PRδ(k − k′)

10−4 10−3 10−2 10−1

k [Mpc−1]

2.5

3.0

3.5

4.0

ln
(1
01

0
P
R
)

Planck TT,TE,EE + lowE + lensing + BK15 (� 1σ,� 2σ)

Y. Akrami et al. [Planck], Astron. Astrophys. 641 (2020) A10



Primordial fluctuations1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Quantum fluctuations in ϕ, g are stretched by the
expansion

(Y. Mambrini)
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Curvature and inflaton couplings1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

General relativity can be obtained from a stationary-action principle

S =

∫
d 4x

√
−g
[
−1

2M 2
PR + LSM

]
δgµν−−−→ Rµν − 1

2Rgµν = 8πGT (SM)
µν

A simple DMmodel: scalar (spin 0) and only interacts with gravity and/or the inflaton

S =

∫
d 4x

√
−g

[
−1

2 ( M 2
P − ξχ2 )R +

1
2 (∂µχ)

2 − 1
2 m2

χχ
2 − 1

2 σϕ2χ2 + · · ·
]Einstein-Hilbert term

non-minimal coupling kinetic term

mass term

ϕ-coupling

Non-minimal couplings are generated by quantum corrections even if they are not present in
the classical action



QFT in the early universe1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Introducing conformal time, dt = a dτ , and the re-scaled field X = aχ,(
∂2
τ −∇2 + a2m2

eff

)
X = 0 , m2

eff = m2
χ + σϕ2 +

1
6 (1 − 6ξ)R

Quantize as a superposition of oscillators

X̂(τ, x) =

∫
d3k

(2π)3/2 e−ik·x
[
Xk(τ)âk + X∗

k(τ)â†
−k

]
, [âk, â†

k′ ] = δ(k − k′) , âk|0⟩ = 0

obtaining
X′′

k + ω2
k Xk = 0 , with ω2

k = k2 + a2m2
eff



QFT in the early universe1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Introducing conformal time, dt = a dτ , and the re-scaled field X = aχ,(
∂2
τ −∇2 + a2m2

eff

)
X = 0 , m2

eff = m2
χ + σϕ2 +

1
6 (1 − 6ξ)R

Quantize as a superposition of oscillators

X̂(τ, x) =

∫
d3k

(2π)3/2 e−ik·x
[
Xk(τ)âk + X∗

k(τ)â†
−k

]
, [âk, â†

k′ ] = δ(k − k′) , âk|0⟩ = 0

obtaining
X′′

k + ω2
k Xk = 0 , with ω2

k = k2 + a2m2
eff

For a mode inside the horizon,

ω2
k = k2 +O

(
a2H 2

k2

)
> 0

free particle interactions



Perturbative DM production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

The perturbative picture: inflaton, gravity and dark matter as (quasi)particles

1. Build the free particle and condensate states
|DM;P⟩ , |ϕ⟩

2. Linearize the interactions

LI = − 1
MP

hµν

(
Tµν

ϕ + Tµν
χ

)
− σ

2 ϕ2χ2

3. Compute the annihilation amplitude

|⟨DM;P,P′| exp
(

i
∫

d 4xLI

)
|ϕ⟩|2 ∝ |M|2

4. Solve the Boltzmann equation
∂fχ
∂t − H|P| ∂fχ

∂|P| =
π|M|2

2m2
ϕ

δ(|P| − mϕ)



Perturbative DM production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

The perturbative picture: inflaton, gravity and dark matter as (quasi)particles

The amplitude is

|M|2 =
1
8
ρ2
ϕ

m4
ϕ

σ̂2

where

σ̂ ≡ σ − λ(1 − 6ξ)

The Phase Space Distribution is

fχ(q, t) =

√
3πσ̂2ρ

3/2
endMP

16m7
ϕ

(
Hend

mϕ
q
)−9/2

θ(q − 1)

× θ

(
a(t)
aend

− Hend

mϕ
q
)

with q ≡ |P|
T⋆

(
a

aend

)
, T⋆ ≡ Hend



Gravitational particle production during inflation1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Light scalar fields are unstable during inflation

X′′
k + ω2

k Xk = 0 , with ω2
k = k2 + 2(aH)2

[ m2
χ

2H 2 +
σϕ2

2H 2 − 1 + 6ξ
]

For a mode that is outside the horizon (k/aH ≪ 1),

ω2
k < 0 if m2

χ < 2H 2 , σ/λ ≪ 1, and ξ < 1/6 (tachyonic instability)

inflation reheating

leaves
horizon

enters
horizon

No free particle state during inflation ⇒ no perturbative picture



Gravitational production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects 10−3 10−2 10−1 1 10 102
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Weak inflaton coupling1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

fχ ∝ q−3

fχ ∝ q−9/2

fχ ∝ q−15/2

σ/λ = 10−3

σ/λ = 10−3/4

σ/λ = 1
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produced during inflation produced during reheating

increasing σ/λ

Inexact interference for σ/λ = 1



Strong inflaton coupling1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Linear regime: The inflaton remains a condensate ⇒ Hartree aproximation

ϕ̈+ 3Hϕ̇+ Vϕ + σ⟨χ2⟩ϕ = 0

⟨χ2⟩ =
1

(2π)3a2

∫
d 3p

(
|Xp|2 − 1

2ωp

)
L. Kofman, A. Linde, A. Starobinsky, PRD 56 (1997) 3258

MG, K. Kaneta, Y. Mambrini, K. Olive, S. Verner, JCAP 03 (2022) 016

Non-linear regime: The inflaton is fragmented ⇒ (Cosmo)Lattice

ϕ̈+ 3Hϕ̇− ∇2ϕ

a2 + V,ϕ = 0

χ̈+ 3Hχ̇− ∇2χ

a2 + V,χ = 0

D. Figueroa, et al., Comput. Phys. Commun. 283, 108586 (2023)



Linear regime1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Appearance of parametric resonance, fχ(p) ∼ e2µpmϕt
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Non-linear regime1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Re-scattering leads to a broader distribution with pseudo-thermal tail for ϕ and χ

fχ ∼ e−α(σ/λ;t)q in the UV

1 10 102

q

103

105

107

109
q2
f χ
/2
π

2

σ/λ = 105 a/aend

5
6
...
43

1 3 10 30
a/aend

10−15

10−13

10−11

10−9

10−7

10−5

n
χ
(a
/a

en
d
)3

Hartree
Lattice



Number densities1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

The Boltzmann approximation has a very limited range of validity

Backreaction

mχ-dependent

mχ = 10−2Hend

10−1Hend

10−3 10−2 10−1 1 10 102 103 104 105

σ/λ

10−20

10−17

10−14

10−11

10−8

10−5

n
χ
(a
/a

en
d
)3

[M
3 P
]

Hartree
Lattice
Boltzmann



Relic abundance, gravitational production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Relic abundance, gravitational production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Relic abundance, inflaton decay1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Adiabatic

Baryon
isocurvature

Neutrino
isocurvature 

Dark matter
isocurvature

Neutrinos
CDM
Photons
Baryons

Isocurvature1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Adiabatic perturbations: a single dynamical variable fixes the inhomogeneities

δϕ(x, t) R−−−→ δργ(x, t)

δϕ(x, t) R−−−→ δρDM(x, t)

The relative entropy is
SDM,γ = −3H

(
δργ
ρ̇γ

− δρDM
ρ̇DM

)
= 0

Original image by Dan Grin
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Dark matter
isocurvature

Neutrinos
CDM
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Baryons

Isocurvature1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Isocurvature perturbations: several dynamical variables fix the inhomogeneities

δϕ(x, t) R−−−→ δργ(x, t)

δχ(x, t) S−−−→ δρDM(x, t)

The relative entropy is
SDM,γ = −3H

(
δργ
ρ̇γ

− δρDM
ρ̇DM

)
̸= 0



Isocurvature in the CMB1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Isocurvatures would leave an imprint in the CMB

CDI: cold dark matter density isocurvature
NDI: neutrino density isocurvature
NVI: neutrino velocity isocurvature

However, they have not been detected,

βiso =
PS

PR + PS
<


2.5% (CDI)
7.4% (NDI)
6.8% (NVI)

This constraint applies only at
large scales (k∗ = 0.002 Mpc−1)
At smaller scales,

Y. Akrami et al. [Planck], Astron. Astrophys. 641, A10 (2020)



Isocurvature in gravitational production1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

The growth of χ fluctuations during inflation sources isocurvature
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P S
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1

PS(k) =
k3

2π2ρ2
χ

∫
d 3x ⟨δρχ(x)δχ(0)⟩ e−ik·x ⇒

mχ ≳ 0.54 Hinf

ξ ≳ 0.03

D. Chung, E. Kolb, A. Riotto, L. Senatore, PRD 72, 023511 (2005)



Isocurvature in production from inflaton decay1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

The growth of χ fluctuations during inflation sources isocurvature
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Non-Cold Dark Matter and structure formation1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
CDM WDM (0.5 keV)

J. Baur et al., JCAP 08 (2016), 012



How warm are non-thermal relics?1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

R. Murgia, V. Iršič and M. Viel, PRD 98 (2018), 083540
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How warm are non-thermal relics?1. Dark Matter
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Light, but cold enough, dark matter1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Parameter space for gravitational production1. Dark Matter
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Parameter space for production from inflaton decay1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects
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Distortions of the CMB frequency spectrum

f(E) =
1

e(E−µ)/T − 1

FIRAS: |µ| < 9 × 10−5

PIXIE: |µ| < 10−9
D. Fixsen et al., Astrophys. J. 473 (1996), 576

Energy injected into the CMB at different
times results in a spectrum that mixes
regions at different temperatures



Additional constraints?1. Dark Matter

2. Inflation

3. Production

4. Limits

5. Prospects

Isocurvature-induced gravitational waves
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G. Domènech, S. Passaglia and S. Renaux-Petel, JCAP 03 (2022), 023
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Blue tilted isocurvature: Ultra Compact Mini Halos

M. Ricotti and A. Gould, Astrophys. J. 707 (2009), 979; T. Bringmann et al., PRD 85 (2012), 125027
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Limits in the “warmness” of dark matter using the satelite galaxies of the Milky Way

Mass of the
Milky Way’s
DM halo

GALFORMmodel
of galactic formation
(zreion = 7)

O. Newton et al., JCAP 08 (2021), 062
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