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• Brief History on Covariant Methods in QFT

• B DeWitt ’67: . . . The Manifestly Covariant Quantum Field Theory,

introducing the well-known Background Field Method.

• S Weinberg ’68, . . . J Honerkamp ’72 . . . :

Geometry of Field Space and Amplitudes in Non-linear σ-Models

⇒ Little Higgs Models, SMEFT ⊂ HEFT, Multifield Inflation . . .

• L Alvarez-Gaumé, DZ Friedman, S Mukhi ’81:

Geometry and UV Finiteness of SUSY Non-linear σ-Models

• G Vilkovisky ’84, B DeWitt ’85,

Gauge Independence of Covariant VDW Effective Action

• MK Gaillard ’86: Gauge-Covariant Derivative Approach to EFT

⇒ Universal effective action, threshold effects in SMEFT . . .
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• JM Cornwall ’82, JM Cornwall, J Papavassiliou ’89, AP ’97:

Pinch Technique: a Gauge-Covariant Diagrammatic Approach
to Off-Shell Amplitudes

⇒ Effective gluon mass, Non-Abelian effective charges,
Unstable particle dynamics and High-energy unitarity of Amplitudes

• G Sigl, G Raffelt ’93, PSB Dev, P Millington, AP, D Teresi ’14:

Flavour Covariant Transport Equations

⇒ Neutrino flavour dynamics in astrophysics and cosmology,
Leptogenesis . . .

• D Teresi, AP ’13:

Symmetry Improved Cornwall-Jackiw-Tomboulis Effective Action

⇒ Massless Goldstones, 2nd order phase transitions for O(N) theories,
RG exactness and IR safe effective potentials . . .

...
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• Grand Covariance in Quantum Gravity [G Vilkovisky ’84, B DeWitt, ’85;

K Finn, S Karamitsos, AP, ’19]

S =

∫
dDx
√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ; f(ϕ), k(ϕ), V (ϕ)

]
: classical action

f(ϕ), kAB(ϕ), V (ϕ): model functions
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• Grand Covariance in Quantum Gravity [G Vilkovisky ’84, B DeWitt, ’85;

K Finn, S Karamitsos, AP, ’19]

S =

∫
dDx
√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ; f(ϕ), k(ϕ), V (ϕ)

]
: classical action

f(ϕ), kAB(ϕ), V (ϕ): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

xµ → x̃µ = x̃µ(xν), with ds2 = gµν dx
µdxν = g̃µν dx̃

µdx̃ν

(ii) Field reparametrizations

gµν → g̃µν = g̃µν(gκλ,ϕ) = Ω2(ϕ) gµν

ϕA → ϕ̃A = ϕ̃A(gµν,ϕ) = ϕ̃A(ϕ)
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• Grand Covariance in Quantum Gravity [G Vilkovisky ’84, B DeWitt, ’85;

K Finn, S Karamitsos, AP, ’19]

S =

∫
dDx
√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ; f(ϕ), k(ϕ), V (ϕ)

]
: classical action

f(ϕ), kAB(ϕ), V (ϕ): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

xµ → x̃µ = x̃µ(xν), with
✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

ds2 = gµν dx
µdxν = g̃µν dx̃

µdx̃ν︸ ︷︷ ︸
Not invariant under (ii)

(ii) Field reparametrizations

gµν → g̃µν = g̃µν(gκλ,ϕ) = Ω2(ϕ) gµν

ϕA → ϕ̃A = ϕ̃A(gµν,ϕ) = ϕ̃A(ϕ)

SCALARS 2023 Supergeometric Scalars and Fermions A Pilaftsis



– Introduce new model function ℓ(ϕ) to restore (i)

ds2 = ḡµν dx
µdxν , with ḡµν ≡

gµν

ℓ2(ϕ)
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– Introduce new model function ℓ(ϕ) to restore (i)

ds2 = ḡµν dx
µdxν , with ḡµν ≡

gµν

ℓ2(ϕ)

– Transformation of model functions

ℓ̃(ϕ) = Ω ℓ(ϕ) ,

f̃(ϕ) = Ω−2 f(ϕ) ,

k̃
ÃB̃

(ϕ) =
[
kAB − 6f(lnΩ),A(lnΩ),B + 3f,A(lnΩ),B + 3(lnΩ),Af,B

]
∂Aϕ

Ã
∂Bϕ

B̃
,

Ṽ (ϕ) = Ω−4 V (ϕ) .
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– Introduce new model function ℓ(ϕ) to restore (i)

ds2 = ḡµν dx
µdxν , with ḡµν ≡

gµν

ℓ2(ϕ)

– Transformation of model functions

ℓ̃(ϕ) = Ω ℓ(ϕ) ,

f̃(ϕ) = Ω−2 f(ϕ) ,

k̃
ÃB̃

(ϕ) =
[
kAB − 6f(lnΩ),A(lnΩ),B + 3f,A(lnΩ),B + 3(lnΩ),Af,B

]
∂Aϕ

Ã
∂Bϕ

B̃
,

Ṽ (ϕ) = Ω−4 V (ϕ) .

– Frame invariance of the classical action S:

S[g̃µν, ϕ̃; ℓ̃(ϕ), f̃(ϕ), k̃(ϕ), Ṽ (ϕ)] = S[gµν,ϕ; ℓ(ϕ), f(ϕ), k(ϕ), V (ϕ)] ∗

Models related by a frame transformation define an equivalence class

————————————
∗ S =

∫
dDx

√−gL =
∫
dDx

√−ḡL is independent of ℓ(ϕ) (only at tree level).

[K Falls, M Herrero-Valea ’19]
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– Coordinates of the Grand Configuration Space

Φi ≡ ΦI(xI) =

(
gµν(x)
φA(xA)

)
, with i = {I , xI} , I = {µν , A} , xI = {x , xA} .
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– Coordinates of the Grand Configuration Space

Φi ≡ ΦI(xI) =

(
gµν(x)
φA(xA)

)
, with i = {I , xI} , I = {µν , A} , xI = {x , xA} .

– The Grand Configuration Space Metric

Gij ≡
ḡµν
D

δ̄2S

δ̄(∂µΦi)δ̄(∂νΦj)
= ℓ2

(
fPµνρσ −3

4f,B gµν
−3

4f,A gρσ kAB

)
δ̄(D)(xI−xJ),

where δ̄(D)(xI − xJ) ≡ δ(D)(xI − xJ)/
√−ḡ is frame invariant, and

Pµνρσ ≡ G(µν)(ρσ) =
1

2

(
gµρ gσν + gµσ gρν − α gµν gρσ

)

is the gravitational field-space metric.

Condition on the inverse metric G(µν)(ρσ):

G(µν)(ρσ) = gαµgβνgκρgλσG(αβ) (κλ) =⇒ α = 0 or 1.
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
[Dφ] exp

{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa
(ϕa − φa)

]}
.
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
✟
✟

✟
✟✟❍

❍
❍
❍❍

[Dφ] exp
{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa ✘✘✘✘✘✘✘✘✘❳❳❳❳❳❳❳❳❳
(ϕa − φa)

]}
.

Not invariant under frame transformations
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– Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫
✟
✟

✟
✟✟❍

❍
❍
❍❍

[Dφ] exp
{
i

~

[
S[φ] +

δΓ[ϕ]

δϕa ✘✘✘✘✘✘✘✘✘❳❳❳❳❳❳❳❳❳
(ϕa − φa)

]}
.

Not invariant under frame transformations.

– VDW Quantum Effective Action

exp

(
i

~
Γ[ϕ]

)
=

∫ [
DΦ

]
M[Φ] exp

{
i

~

[
S[Φ] +

δ̄Γ[ϕ]

δ̄ϕi
Σi[ϕ,Φ]

]}
,

with ϕ = (gµν, φ),

[
DΦ

]
= exp

[∑

I

∫
dDx

√
−ḡ(x) lnDΦI(x)

]
, M[Φ] = VFP

√
det (Gij) ,

and VFP is the Faddeev–Popov determinant [for SU(N), see Rebhan ’87].
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– One- and Two-Loop VDW Effective Actions

[consistent with P Ellicott, T Toms ’89]

Γ(1)[ϕ] =
i

2
ln det

(
∇a∇bS

)
,

Γ(2)[ϕ] = +

= − 1

8
∆ab∆cd∇(a∇b∇c∇d)S

+
1

12
∆ab∆cd∆ef

(
∇(a∇c∇e)S

)(
∇(b∇d∇f)S

)
,

with ∆ab ≡
(
∇a∇bS

)−1
= ∆ba.
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– One- and Two-Loop VDW Effective Actions

[consistent with P Ellicott, T Toms ’89]

Γ(1)[ϕ] =
i

2
ln det

(
∇a∇bS

)
,

Γ(2)[ϕ] = +

= − 1

8
∆ab∆cd∇(a∇b∇c∇d)S

+
1

12
∆ab∆cd∆ef

(
∇(a∇c∇e)S

)(
∇(b∇d∇f)S

)
,

with ∆ab ≡
(
∇a∇bS

)−1
= ∆ba.

– Grand Covariance of the VDW Effective Action

[K Finn, S Karamitsos, AP, ’19]

Γ[ϕ; ℓ(φ), f(φ), kAB(φ), V (φ) ] = Γ[ϕ̃(ϕ); ℓ̃(φ), f̃(φ), k̃AB(φ), Ṽ (φ) ]

with ϕ = (gµν, φ).

SCALARS 2023 Supergeometric Scalars and Fermions A Pilaftsis



– Recent works

• J. Honerkamp, Nucl. Phys. B36 (1972) 130; G. Ecker, J. Honerkamp, Phys. Lett. B42 (1972) 253.

• ...

• A. Y. Kamenshchik, C. F. Steinwachs, Question of quantum equivalence between Jordan frame and
Einstein frame, Phys. Rev. D91 (2015) 084033.

• D. Burns, S. Karamitsos, AP, Frame-Covariant Formulation of Inflation in Scalar-Curvature Theories,
Nucl. Phys. B907 (2016) 785.

• R. Alonso, E. Jenkins, A. Manohar, Geometry in the Scalar Sector, JHEP 08 (2016) 101

• S. Karamitsos, AP, Frame Covariant Nonminimal Multifield Inflation,
Nucl. Phys. B927 (2018) 219.

• K. Finn, S. Karamitsos, AP, Frame Covariance in Quantum Gravity,
Phys. Rev. D102 (2020) 045014

• R. Nagai, M. Tanabashi, K. Tsumura, Y. Uchida, Phys. Rev. D100 (2019) 075020

• A. Helset, A. Martin, M. Trott, JHEP03 (2020) 163

• K. Finn, S. Karamitsos, AP, Frame covariant formalism for fermionic theories,
Eur. Phys. J. C81 (2021) 572

• T. Cohen, N. Craig, X. Lu, D. Sutherland, JHEP12 (2021) 003

• J. Talbert, JHEP 01 (2023) 069

• A. Helset, E.E. Jenkins, A.V. Manohar,

Geometry in scattering amplitudes, Phys. Rev. D106 (2022) 116018

• V. Gattus and AP, Minimal Supergeometric Quantum Field Theories, arXiv:2307.01126.

SCALARS 2023 Supergeometric Scalars and Fermions A Pilaftsis



• The Fermion problem and Supermanifolds

Bryce De Witt ‘85The Effective Action
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• The Fermion problem and Supermanifolds

Bryce De Witt ‘85The Effective Action

=⇒ No metric for non-SUSY theories with fermions: gXY (φ) ψ
Xiγµ∂µψ

Y
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• Supergeometry on a Supermanifold
[K Finn, S Karamitsos, AP, EPJC81 (2021) 572;

V Gattus, AP, arXiv:2307.01126]

– Fermions as Coordinates in the Field-Space Supermanifold

Φ ≡ {Φα} =
(
φA , ψ1

a , ψ1
ȧ , ψ2

a , ψ2
ȧ , . . .

)T
,

where φA are scalars and ψX
a are Dirac (or Weyl) fermions.
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• Supergeometry on a Supermanifold [K Finn, S Karamitsos, AP, EPJC81 (2021) 572;

V Gattus, AP, arXiv:2307.01126]

– Fermions as Coordinates in the Field-Space Supermanifold

Φ ≡ {Φα} =
(
φA , ψ1

a , ψ1
ȧ , ψ2

a , ψ2
ȧ , . . .

)T
,

where φA are scalars and ψX
a are Dirac (or Weyl) fermions.

– Frame-covariant Lagrangian of a scalar theory with fermions

L =
1

2
gµν∂µΦ

α
αkβ(Φ) ∂νΦ

β

︸ ︷︷ ︸
: scalars

+
i

2
ζµα(Φ) ∂µΦ

α

︸ ︷︷ ︸
: fermions

− U(Φ).

Model functions:

αkβ(Φ) : rank-2 tensor of the would-be bosonic metric (with αkX = 0)

ζµα(Φ) : mixed spacetime and field-space vector

U(Φ) : a scalar describing the potential and Yukawa sector
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– Extracting the model functions αkβ and ζµα

αkβ =
gµν
D

−→
∂

∂(∂µΦα)
L

←−
∂

∂(∂νΦβ)
, ζµα =

2

i

(
L − 1

2
gµν∂µΦ

α
αkβ ∂νΦ

β

) ←−
∂

∂(∂µΦα)
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– Extracting the model functions αkβ and ζµα

αkβ =
gµν
D

−→
∂

∂(∂µΦα)
L

←−
∂

∂(∂νΦβ)
, ζµα =

2

i

(
L − 1

2
gµν∂µΦ

α
αkβ ∂νΦ

β

) ←−
∂

∂(∂µΦα)

– Free theory as an example

L =
∑

A∈Nscalars

1

2
gµν∂µφ

A∂νφ
A − 1

2
m2

A(φ
A)2

+
∑

X∈M fermions

i

2

(
ψXγµ∂µψ

X − ∂µψXγµψX
)
−mXψ

X
ψX .

Model functions:

αkβ =

(
δAB 0N×8M

08M×N 08M×8M

)
,

ζµα =
(
0N , ψ

1
ȧγ

µ
ȧa, γ

µ
ȧaψ

1
a, ψ

2
ḃ
γµ
ḃb
, γµ

ḃb
ψ2
b , . . .

)
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– Deriving the Field-Space Metric

Define the rank-1 field-superspace tensor,
[improved by V Gattus, AP, arXiv:2307.01126]

ζα(Φ) =
1

4

δζµα(Φ)

δγµ
improved−→ ζα(Φ) = ζµβ (Φ)

←−
Σ β

µ,α ,

to derive the rank-2 anti-supersymmetric tensor (in analogy to Fµν in QED)

αλβ(Φ) =
1

2

( −→
∂

∂Φα
ζβ(Φ) − (−1)α+β+αβ

−→
∂

∂Φβ
ζα(Φ)

)
, with λsT = −λ.

Introduce the non-singular rank-2 tensor:

αΛβ ≡ αkβ + αλβ
free theory−→ αNβ ≡




1N 0 0 0 0 · · ·
0 0 14 0 0 · · ·
0 14 0 0 0 · · ·
0 0 0 0 14 · · ·
0 0 0 14 0 · · ·
... ... ... ... ... . . .



.
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– Properties of the Field-Space Super-Metric αGβ(Φ)

The Super-Metric αGβ(Φ) should:

1. Be uniquely determined from the action.

2. Transform as a proper rank-2 field-space tensor.

3. Be supersymmetric and non-singular to produce a non-zero line element.

4. Be ultralocal, i.e. it should not depend on ∂µΦ.

5. Have the local form on each point of the field-space Supermanifold

aHb ≡




1N 0 0 0 0 · · ·
0 0 14 0 0 · · ·
0 −14 0 0 0 · · ·
0 0 0 0 14 · · ·
0 0 0 −14 0 · · ·
... ... ... ... ... . . .



.
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– The Field-Space Super-Metric

Determine first the field-space vielbeins αe
a(Φ) from

αΛβ(Φ) = αe
a(Φ) aNb

besTβ (Φ) ,

and use these to obtain the Field-Space Super-Metric:

αGβ(Φ) = αe
a(Φ) aHb

besTβ (Φ)
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– The Field-Space Super-Metric

Determine first the field-space vielbeins αe
a(Φ) from

αΛβ(Φ) = αe
a(Φ) aNb

besTβ (Φ) ,

and use these to obtain the Field-Space Super-Metric:

αGβ(Φ) = αe
a(Φ) aHb

besTβ (Φ)

– The Christoffell Symbols

αΓβγ =
1

2
Gαδ

[
δGβ

←−
∂ γ + (−1)βγ δGγ

←−
∂β − (−1)β−→∂ δ βGγ

]

– The Riemann Tensor

Rα
βγδ = − αΓβγ

←−
∂ δ + (−1)γδ αΓβδ

←−
∂ γ + (−1)γ(β+ǫ) αΓǫγ

ǫΓβδ

− (−1)δ(ǫ+β+γ) αΓǫδ
ǫΓβγ
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• Supergeometric Effective Action with Fermions

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572]

exp(iΓ[Φ]) =

∫
[DΦq]

√
|sdetG| exp

(
iS[Φq] + i

∫
d4x
√−g Γ[Φ]

←−
∂

∂Φα
Σα[Φ,Φq]

)
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• Supergeometric Effective Action with Fermions

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572]

exp(iΓ[Φ]) =

∫
[DΦq]

√
|sdetG| exp

(
iS[Φq] + i

∫
d4x
√−g Γ[Φ]

←−
∂

∂Φα
Σα[Φ,Φq]

)

– One- and Two-Loop Grand Covariant Effective Actions

Γ(1)[Φ] = i
2 ln sdet

(−→∇α̂ S
←−∇

β̂

)
= i

2 str ln
(−→∇α̂ S

←−∇
β̂

)

Γ(2)[Φ] = +

= − 1
8S
←−∇{α̂
←−∇

β̂

←−∇γ̂

←−∇
δ̂} ∆

δ̂γ̂ ∆β̂α̂

+(−1)γ̂β̂+ǫ̂(δ̂+β̂) 1
12

(
S
←−∇{ǫ̂
←−∇γ̂

←−∇α̂}
)
∆α̂β̂ ∆γ̂δ̂ ∆ǫ̂ζ̂

(−→∇{ζ̂
−→∇

δ̂

−→∇
β̂}S

)

α̂∆
−1

β̂
≡ −→∇α̂ S

←−∇
β̂
, with α̂∆β̂ = ∆α̂β̂ defined through: α̂∆γ̂

γ̂∆
−1

β̂
= α̂δ

β̂
.
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– Single Fermion Model

L =
1

2
k(φ) ∂µφ∂

µφ +
i

2
g(φ)

(
ψγµ∂µψ − ∂µψ γµψ

)

− 1

2
h(φ)ψγµψ ∂µφ − Y (φ)ψψ − V (φ)

Supermanifold: Φα =
(
φ, ψ, ψ̄

)
, with grand field-space metric

αGβ =




k − g′2 + h2

2g ψψ −1
2(g

′ − ih)ψ 1
2(g

′ + ih)ψ

1
2(g

′ − ih)ψ 04 g14

−1
2(g

′ + ih)ψ −g14 04




But, Rα
βγδ = 0 =⇒ field-space is flat
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– Frame-reparametrization to a Cartesian Frame, Φ̃α =
(
φ̃, ψ̃, ψ̃

)T
:

φ → φ̃ =

∫ φ

0

√
k(φ) dφ , ψ → ψ̃ =

√
g(φ) exp

( i
2

∫ φ

0

h(φ)

g(φ)
dφ
)
ψ

Lagrangian in the Cartesian Frame:

L =
1

2
∂µφ̃ ∂

µφ̃ +
i

2

(
ψ̃γµ∂µψ̃ − ∂µψ̃ γµψ̃

)
− Ỹ (φ̃) ψ̃ψ̃ − Ṽ (φ̃) ,

with Ỹ (φ̃) = Y (φ)/g(φ) and Ṽ (φ̃) = V (φ).
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– Frame-reparametrization to a Cartesian Frame, Φ̃α =
(
φ̃, ψ̃, ψ̃

)T
:

φ → φ̃ =

∫ φ

0

√
k(φ) dφ , ψ → ψ̃ =

√
g(φ) exp

( i
2

∫ φ

0

h(φ)

g(φ)
dφ
)
ψ

Lagrangian in the Cartesian Frame:

L =
1

2
∂µφ̃ ∂

µφ̃ +
i

2

(
ψ̃γµ∂µψ̃ − ∂µψ̃ γµψ̃

)
− Ỹ (φ̃) ψ̃ψ̃ − Ṽ (φ̃) ,

with Ỹ (φ̃) = Y (φ)/g(φ) and Ṽ (φ̃) = V (φ).

– One-Loop Effective Action

Γ[Φ] = S[Φ] +
i

2
Tr ln

{
�+ Ṽ ′′ − ψ̃

[
2 Ỹ ′ 2

(
− i/∂ + Ỹ

)−1

− Ỹ ′′
]
ψ̃

}

− iTr ln
(
− i/∂ + Ỹ

)
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– Model with Multiple Fermions (up to quadratic kinetic terms)

L = 1
2 g

µνkAB(Φ) ∂µφ
A ∂νφ

B + i
2 gXY (Φ)

(
ψXγµ∂µψ

Y − ∂µψ
X
γµψY

)

− 1
2 hAXY (Φ)ψXγµψY ∂µφ

A + · · · − U(Φ)

– No-Go Theorem for Fermionic Curvature [V Gattus, AP, arXiv:2307.01126]

Field-space super-metric for single scalar φ:

αGβ =




k − 1
2 ψ

(
g′ − ih

)
g−1

(
g′ + ih

)
ψ −1

2 ψ
(
g′ − ih

)
1
2 ψ

T
(
g′T + ihT

)

1
2

(
g′T − ihT

)
ψ

T
0 gT 14

−1
2

(
g′ + ih

)
ψ −g 14 0


 ,

with ψ = {ψX}, g(φ) = {gXY } = g†(φ) and h(φ) = {hXY } = h†(φ).

But, Rα
βγδ = 0 =⇒ field super-space has zero curvature.
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– Minimal 2D Model with Fermionic Curvature
[V Gattus, AP, arXiv:2307.01126]

L = 1
2 ∂µφ∂

µφ + i
2

(
g0(φ) + g1(φ)ψψ

)(
ψγµ∂µψ − ∂µψ γµψ

)

− Y (φ)ψψ − V (φ) , with γµ =
(
σ1 ,−iσ2

)
.

Chart: Φ =
(
φ , ψT , ψ

)
, ψT =

(
ψ1 , ψ2

)
and ψ ≡ ψ†γ0.

Field-space super-metric:

αGβ =




1 + bT (d−1)T aT − ad−1 b −a bT

aT 0 dT

−b −d 0


 ,

where d =
(
g0 + g1ψψ

)
12 + g1ψψ,

a = ψ
(
g′0+ g

′
1ψψ

)
, b =

(
g′0+ g

′
1ψψ

)
ψ (with g′0,1 ≡ ∂g0,1/∂φ),

Set g0(φ) = 1 for simplicity:

Super-Ricci scalar: R = 4g1 − 1
2 g

′2
1

(
ψψ
)2 6= 0 =⇒ field super-space is curved.
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• Conclusions

• Complete formulation of Geometric Effective Actions for Scalar–
Tensor Theories, with a complete set of model functions

• New model function ℓ = ℓ(Φ) ensures the uniqueness of the VDW
path-integral measure, with ds2 = gµν/ℓ

2 dxµdxν

• Extension of the VDW formalism to Supermanifolds to describe
realistic theories that include fermions, such as the SM

• Minimal Supergeometric QFT Models with non-zero fermionic
curvature [See talk by V Gattus]

• Analytic expressions of One- and Two-Loop Supergeometric
Effective Actions for Theories with Fermions
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• Future Research Directions

• UV completions of Minimal Supergeometric QFTs (Plan A)
(avoiding the Haag-Lopuszanski-Sohnius theorem)

• Application of Supergeometric QFTs to SMEFT and HEFT (Plan B)

• Include gauge and other symmetries ⇐⇒ Isometries on Supermanifold

• Phenomenological/cosmological applications of Supergeometric QFTs

...
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Supergeometry on a Supermanifold

DΣ2 = dΦα̂
α̂Gβ̂(Φ) dΦβ̂

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572;

Viola Gattus, AP, arXiv:2307.01126]
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Supergeometry on a Supermanifold

DΣ2 = dΦα̂
α̂Gβ̂(Φ) dΦβ̂

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572;

Viola Gattus, AP, arXiv:2307.01126.]

NONE IGNORANT OF GEOMETRY 
SHOULD ENTER (MY ACADEMY)

from Plato
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Back-Up Slides
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• From Geometrizing the Cosmos to Micro-Cosmos

• Geometrizing the Cosmos: . . . , Pythagoras (5c BC)

• Geocentric versus Heliocentric System [e.g., Van der Waerden ’87]

Geocentric: Anaximander (6c BC), . . . , Plato (4c BC),
Aristotle (3c BC), Ptolemy (2c AD), . . . Tycho (16c AD)

Heliocentric: Aristarchus (3c BC), Seleucus (2c BC),
Copernicus (15c AD), Kepler (16c AD), Galileo (16c AD), . . .

• Absolute versus Relative/Local Inertial Frame in Gravitation

Absolute: Newton (17c AD), . . .

Relative: Einstein (20c AD), . . .

• Geometrizing the Micro-Cosmos as a solution to frame problems in
Quantum Field Theory and Quantum Gravity
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– Einstein versus Jordan Frame

Action in Einstein Frame: SEF[gµν, ϕ] =
∫
x

[
− 1

2M
2
PR + 1

2(∂µϕ)
2 − V (ϕ)

]

Action in Jordan Frame: SJF[g̃µν, ϕ̃] =
∫
x

[
− 1

2f(ϕ̃)R̃ + 1
2(∂µϕ̃)

2− Ṽ (ϕ̃)
]

Frame equivalence =⇒ SJF[g̃µν, ϕ̃] = SEF[gµν, ϕ] [R. H. Dicke ’62]

S
JF

S
EF

Γ
JF, div
1−loop Γ

EF, div
1−loop

“Quantization”

field parametrization

field parametrization

Field reparametrization

Field reparametrization

ΓJF
1−loop[g̃µν, ϕ̃] 6= ΓEF

1−loop[gµν, ϕ]: Effective action is frame dependent,

except at extrema of the action.
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• Effects of ℓ(ϕ) (from ḡµν ≡ gµν/ℓ
2(ϕ))

– Frame-invariant Dirac-delta function

∫
dDx
√−ḡ δ̄(D)(x) = 1 , with δ̄(D)(xI − xJ) ≡

δ(D)(xI − xJ)√−ḡ

– Functional derivative

δ̄F [Φ(x)]

δ̄Φ(y)
≡ lim

ǫ→0

F [Φ(x) + ǫδ̄(D)(x− y)]− F [Φ(x)]
ǫ

– Functional determinant

det(Mxy) ≡ exp

[
i

∫
dDx
√−ḡ ln(M)xx

]
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• Field-Space Riemann Tensor R(µν)
(αβ)(ρσ)(γδ) for General Relativity

[K Finn, S Karamitsos, AP, ’19]

R
(µν)

(αβ)(ρσ)(γδ) = − 1

32
δ
µ
ρ δ

ν
βgσγgαδ − 1

32
δ
µ
σδ

ν
βgργgαδ − 1

32
δ
µ
β
δ
ν
σgργgαδ − 1

32
δ
µ
β
δ
ν
ρgσγgαδ

− 1

32
δ
µ
ρ δ

ν
βgσδgαγ − 1

32
δ
µ
σδ

ν
βgρδgαγ − 1

32
δ
µ
β
δ
ν
σgρδgαγ − 1

32
δ
µ
β
δ
ν
ρgσδgαγ

− 1

32
δ
µ
αδ

ν
ρgσγgβδ − 1

32
δ
µ
αδ

ν
σgργgβδ − 1

32
δ
µ
ρ δ

ν
αgσγgβδ − 1

32
δ
µ
σδ

ν
αgργgβδ

− 1

32
δ
µ
αδ

ν
ρgσδgβγ − 1

32
δ
µ
αδ

ν
σgρδgβγ − 1

32
δ
µ
ρ δ

ν
αgσδgβγ − 1

32
δ
µ
σδ

ν
αgρδgβγ

+
1

32
δ
µ
γδ

ν
βgρδgσα +

1

32
δ
µ
δ
δ
ν
βgργgσα +

1

32
δ
µ
β
δ
ν
δ gργgσα +

1

32
δ
µ
β
δ
ν
γgρδgσα

+
1

32
δ
µ
γδ

ν
βgραgσδ +

1

32
δ
µ
δ
δ
ν
βgραgσγ +

1

32
δ
µ
β
δ
ν
δ gραgσγ +

1

32
δ
µ
β
δ
ν
γgραgσδ

+
1

32
δ
µ
αδ

ν
γgρδgσβ +

1

32
δ
µ
αδ

ν
δ gργgσβ +

1

32
δ
µ
γδ

ν
αgρδgσβ +

1

32
δ
µ
δ
δ
ν
αgργgσβ

+
1

32
δ
µ
αδ

ν
γgρβgσδ +

1

32
δ
µ
αδ

ν
δ gρβgσγ +

1

32
δ
µ
γδ

ν
αgρβgσδ +

1

32
δ
µ
δ
δ
ν
αgρβgσγ

+
1

4D
gργg

µν
gσβgαδ +

1

4D
gρδg

µν
gσβgαγ +

1

4D
gραg

µν
gσγgβδ +

1

4D
gραg

µν
gσδgβγ

+
1

4D
gργg

µν
gσαgβδ +

1

4D
gρδg

µν
gσαgβγ +

1

4D
gρβg

µν
gσδgαγ +

1

4D
gρβg

µν
gσγgαδ

− 1

4D
g
µν

gρβgσγgαδ − 1

4D
g
µν

gρβgσδgαγ − 1

4D
g
µν

gργgσαgβδ − 1

4D
g
µν

gρδgσαgβγ

− 1

4D
g
µν

gραgσγgβδ − 1

4D
g
µν

gραgσδgβγ − 1

4D
g
µν

gρδgσβgαγ − 1

4D
g
µν

gργgσβgαδ
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– Field-Space Ricci Tensor R(µν)(ρσ)

R(µν)(ρσ) =
1

4
gµνgρσ −

D

8
gµρgνσ −

D

8
gµσgνρ

– Field-Space Ricci Scalar R

R =
D

4
− D

2

8
− D

3

8
< 0 ,

for spacetime dimensions D > 1.

=⇒ Gravity has a curved field space, with negative scalar curvature.
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• Partial differentation with respect to γµ

Any matrix Maȧ in spinor space can be uniquely expressed as

Maȧ =
∑

i=S,P,V,A,T

a(i) Γ
(i)
aȧ, with Γ(i) ∈ {I4, γ5, γµ, γµγ5, σµν} ,

where Γ(i) are the 16 orthogonal Lorentz-covariant bilinears,
a(i) is a coefficient, and σµν ≡ i/2 [γµ, γν].

– Γ-matrix partial differentiation:

δM

δΓ(i)
≡ lim

ǫ(i)→0

M [Γ(i) → Γ(i) + ǫ(i)I4] − M [Γ(i)]

ǫ(i)
.

For Γ(i) = Γ(V ) = γµ,
δMaȧ

δγµ
= aµ δaȧ .
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