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‘ Why not an extended Higgs sector? |

e The fermion and gauge boson sectors of the Standard Model
(SM) are not of minimal form (“Who ordered that?"). So,
why should the spin-0 (scalar) sector be minimal?

e Extended Higgs sectors can provide a dark matter candidate.

e Extended Higgs sectors can modify the electroweak phase

transition.
e Extended Higgs sectors can enhance vacuum stability.

e Models of new physics beyond the SM often require additional
scalar Higgs states. E.g., two Higgs doublets are required in
the minimal supersymmetric extension of the SM (MSSM).



Extended Higgs sectors are highly constrained

e [he electroweak p parameter is very close to 1.

e One neutral Higgs scalar of the extended Higgs sector must
be SM-like (and identified with the Higgs boson at 125 GeV).

e Higgs-mediated flavor-changing neutral currents (FCNCs) are
suppressed.

e Charged Higgs exchange at tree level (e.g. in B — D" 7r~1,)
and at one-loop (e.g. in b — sv) can significantly constrain
the charged Higgs masses and the Yukawa couplings.

e At present, only one Higgs scalar has been observed.

e If the scale that governs the non-SM like Higgs bosons is
close to the electroweak scale, is the naturalness problem of
electroweak symmetry breaking exacerbated?



Constraints on extended Higgs sectors

In light of the observation that the electroweak p-parameter is
very close to 1, it follows that a Higgs multiplet of weak-isospin
T and hypercharge Y must satisfy,’

2
p=— W —] e (2T41)2-3Y2=1,

m3, cos? Oy

independently of the Higgs vacuum expectation values (vevs).
The simplest solutions are Higgs singlets (7,Y) = (0,0) and
hypercharge-one complex Higgs doublets (T.,Y) = (3,1). In this
talk, we shall neglect Higgs singlets and focus on models with
N Higgs doublet fields (NHDM).

1Y is normalized such that the electric charge of the scalar field is Q = T35 + Y/2.



Goals of the NHDM Study

e |dentifying the physical parameters of the model

e Sum rules and unitarity bounds

e Dealing with CP-violation in the Higgs sector

The treatment of the Higgs-fermion interactions requires
additional attention, in part due to the constraints of tree-
level Higgs-mediated FCNCs. We defer this to another day, and
focus in this talk on the bosonic sector of the NHDM.



‘ A Warmup with the 2HDM |

Consider the 2HDM with hypercharge-one, doublet scalar fields ®; and ®-.
After minimizing the scalar potential, (®?) = v;/v/2 (for i = 1,2), where
[v1]%+|v2|? = (246 GeV)? and tan 8 = |vs|/|v1]; the latter is basis-dependent

and hence unphysical.

Introduce the Higgs basis fields,

. (Hf) _ vi® + 03P, o <H2+> _ s i |

v HS v

such that (HY) = v/+/2 and (HY) = 0. The Higgs basis is uniquely defined

up to an overall rephasing, Hy — "X HS.

We can immediately identify the physical charged Higgs field, H™ = H, and
the neutral and charged Goldstone fields, G° = v/2Im HY and G+ = H'".



In the Higgs basis, the scalar potential is given by:
V =Y H|H, + Y2 H}Ho + [Y3H{ Ho +h.c] + 12, (H] H,)?
+57o(HyH2)® + Zs(H{ H1)(H3 Hs) + Zu(H| Ho)(H3 H:)
+{325(H] H>)? + [Zo(H] H\) + Zo(H{Ho)| H{H> + hoc. |

where Y7, Y5 and Z; 5 3 4 are real, whereas Y3, Z5 6 7 are potentially complex.

After minimizing the scalar potential, Vi = —2Z;v? and V3 = —1Zg0”.

Remarks:

1. Under the rephasing, Hy — e'XHo,
Y3, Zg, Z7] — e "X[Y3, Zg, Z7] and Zs — e *'XZs.

2. Under the rephasing, Hy — e'XH,, the charged Higgs boson field is
rephased, HT — eTXH*

3. In the CP-conserving 2HDM, one can rephase the field H5 such that all

the parameters of the scalar potential are real.



Diagonalizing the neutral Higgs squared-mass matrix

The three physical neutral Higgs boson mass-eigenstates are determined by

diagonalizing the 3 x 3 real symmetric squared-mass matrix in the Higgs basis,

Zl RGZG _ImZG
M? =07 ReZs  3(Zsas + Yo v?) —2ImZ; :
—ImZg —2ImZ; 2(Z345 + Yo /v?) — ReZs

where Zs345 = Z3 + Z4 + ReZs. The diagonalization matrix is a 3 X 3 real
orthogonal matrix that depends on three angles: 615, 613 and 053,

0
h1 C12C13 —812C23 — C12813523 —C12813C23 + S12523 V2ReH; — v
_ 0
ho | = | s12¢c13 C12C23 — S$12513523 —512813C23 — C12823 V2ReH,
0
hs3 S13 C13523 C13C23 V2ImH;

where the h; are the mass-eigenstate neutral Higgs fields, ¢;; = cos6;; and

s;; = sin;;. We shall also denote the neutral Goldsotne boson, hy = G°.



Thatis, for j = 0,1, 2, 3, the neutral Goldstone boson and the mass-eigenstate
neutral Higgs fields are,

1 * v * )
hj = ﬁ{qjl (H? - ﬁ) + qjoHye'' + h-C-} :

where
dj1 d;2
1 0
C12€13 | —S12 — 1€12513

$12C13 | C12 — 1512513

W NN = O .

513 1C13

Under the rephasing, Hy — X H,,

012, 013 are invariant, and o3 — 093 — X -

Thus the g;; are linear combinations of the invariant angles 612 and 6;3.



From the generic basis to the mass basis

In the generic basis,

v 0
<(I)i> — =\ . 9
V2 \ 9
where v ~ 246 GeV and v = (01,02) is a complex vector of unit norm. A
second unit vector, W = U;¢;;, can be defined that is orthogonal2 to v, where

€12 = —€91 = 1 and €11 — €22 = 0.

Note that the Higgs basis fields can be defined as H; = 0;®; and Hy = w; ;.

Under the rephasing Hy — ¢'XH>, the unit vector rephases, w; — e~ “X;.

With this notation, one can express the ®; (for ¢ = 1,2) in terms of
mass-eigenstate fields,

Gto, + HT,
b, = ‘0
Qlez + QJ26 23’11%) h’j

A

2Orthogonallty s defined in terms of the complex dot product, Z w‘7 = 0.




Interaction of the Higgs bosons and gauge bosons

These interaction arise from the kinetic energy term of the scalars (after
replacing the derivative with the gauge covariant derivative).

— g 2 — —
ZvvH = <9mWWJW“ + 2chZZ“ZM> qr1hy + (eMy A" — gM zsy, ZM)(W), G+ W:G )
215+ 92
LUvHE = [%g W, W™ 4+ —=-2,7Z"| hyhy,
SCW
2qge _ _
+ [29 WIWwH™ At + 2 (% - S%V) 27" + 22 (5 = siy) 42" | (GTGT + HYH)
W cw

+{ (%GQAMW/;L X WZMWJF) (qp1G ™ + apoe "23H Yhy + h.C-} :

g 2 . —<=2 —i0 —
VHH = e €ikear1 Z"hj 8y hy — %ig [W;(QMG OF hy + qrpoe "23H ™ 9 hy) + h.c.}

—|—|:7;€A’u—|-£(%— )Z“}(GJF LG +HTE, H),
CWw

where sy = sin Oy, ey = cos Oy, and the sum over pairs of repeated indices
j,k=0,1,2,3 is implied.



Invariant parameter counting

Total number of parameters for the 2HDM: Y3, Z; 234, complex Zs¢ 7
with one degree of freedom removed by rephasing, and Y; 3 fixed by the
scalar potential minimum conditions (in favor of the vev, v) yields 11 real

parameters.

Not including the four masses (my, mo, ms and my+) and the vev v, this
leaves 6 independent invariant parameters required to describe the bosonic
interactions of the 2HDM.

Number of parameters governing the Higgs—gauge boson interactions: 2

2 invariant angles (A2 and 613).

Additional invariant parameters arising via the Higgs self-interactions: 4

2HDM analysis based on H.E. Haber and D. O'Neil, Phys. Rev. D 74, 015018 (2006)
[Erratum: Phys. Rev. D 74, 059905 (2006)] [hep-ph/0602242].



‘ Analysis of the NHDM |

Consider the NHDM with hypercharge-one, doublet scalar fields ®;, for
i =1,2,...,N. After minimizing the scalar potential, (®?) = v;/v/2, where
S vil? = (246 GeV)? .

Introduce the Higgs basis field,
HY\ 1
Hi=| 1]==>) v,

and the N — 1 scalar fields, H; (i = 2,3,...,N) are all orthogonal to Hj,
such that (HY) = v/+/2 and (H?) =0 for i =2,3,..., N.

The Goldstone bosons reside in Hy, i.e. Gt = H;" and G = v/2Im HY. But

there is still too much freedom in defining the doublets orthogonal to H;.



The charged Higgs basis

We shall perform a unitary transformation on the scalar doublet fields H;
(. = 2,3,...,N), such that the upper components of these doublets are
charged mass eigenstates. \We shall assume that these eigenstates are non-

degenerate in mass (the degenerate case requires a separate consideration).

We call this choice of basis the charged Higgs basis. The corresponding
Higgs doublet fields are denoted by H,LC Note that in this basis, the neutral

components of the H,LC are typically not neutral Higgs mass-eigenstates.

The charged Higgs basis is unique up to the separate rephasing of the N — 1
Higgs doublet fields,

HE — eXiHE fori=2,3,...,N.

The phase of HY = H; is fixed by the condition that the vev v is real and

positive.



U and V matrices

In the generic basis,

+
OTRES . ok 0 : fork=1,..., N.
ﬁ(vl-ﬂﬂ%)

The charged Higgs basis is obtained via,

with ch = Hy, U isan N x N unitary matrix such that U;; = vj/v, and

G™ H H
HlC: 1 Co0 ’ H2C: 1 200 R Hff: 1 ]\;0 ’
NG (v+ i) /272 2PN

where % = H? +iG° and the H;" are charged Higgs mass eigenstates.



Diagonalizing the neutral Higgs squared-mass matrix

The neutral Higgs mass eigenstates will be denoted by hj, where hg = G and
hy for k=1,2,...,2N — 1 are the physical neutral scalars. This is achieved

by introducing the N x 2N matrix V,
2N—1

90?: Zijhk, forj=1,2,...,N.
k=0

It is more convenient to first transform to the charged Higgs basis and then
determine the neutral Higgs mass eigenstates,

2N —1
0% = > Bjhp, forj=12,..., N,
k=0

where B = UV defines an N x 2N matrix. The 2N x 2N matrix,

EE RGB |
Im B

is real orthogonal. In particular, BT is the matrix that converts the neutral

scalars in the charged Higgs basis to the neutral Higgs mass eigenstates.



A and B matrices

B = U™V is an N x 2N matrix. Under the separate rephasing of the
N — 1 Higgs doublet fields in the charged Higgs basis, H- — eXiHE for

1 =2,3,..., N, the matrix elements of B rephase as,
B, — €XiBjy, for j =2,3,...,Nand k=0,1,...2N — 1,
and By, is invariant. Since BTB = Re(BB) = 1oy xan, it follows that
BB = lanxan +iA4,

where A = Im(BTDB) is a real orthogonal antisymmetric 2N x 2N matrix.
The matrix A is invariant under the separate rephasing of the NV — 1 charged

Higgs basis fields.
Finally, the following two properties are noteworthy,
Bjo =101, By = — Aok + 1ok ,

corresponding to identifying the neutral Goldstone boson eigenstate.



Interaction of the Higgs bosons and gauge bosons

Love = <ngW,jW“ T4 mZZMZ“> Apohy + (eMy A" — gMzsiy ZM) (W, GT + W, G7),

2CW
2
gVVHH: [%QQW:WM_ + 892 ZMZM h’khk
‘w
12+u—2u921 2\2_, _u, 29e /(1 2 el opt op—
+[79 WiIwH ™ 4 e?A,A +CT(§—SW) 7,7 +$(§—3W)AMZ HIH;
W

2 2
1 piit 9 SW ot -

g < . 2
LyvHH = - A ZF by 8, hy — 59 {ZBjkWJHj ot hy + h.c.}

) H ﬂ l_2 % +<_> -
—I—[zeA —|—CW (2 SW)Z ]HJ aqu ,

where Hf =G+, j=1,...,N, and k,/ =0,1,...,2N — 1. Note that A
and the combination BjrH,; are invariant under the separate rephasing of
the N — 1 Higgs doublet fields in the charged Higgs basis, HZ — eXiH for
1 =2,3,..., NN, as expected for the physical couplings.



Recovering the 2HDM results

The matrices U and V are,
N —iBoa ~
U= : Vij = q10; + qjae” 2w .

This immediately yields the matrix B,

v qdi1 d21 431

B=U'V = o
0 qroe V33 g22€ g32€

—1i623 —1623
Consider the 4 x 4 real orthogonal matrix B = (R¢B). Note that B3, = 1

and all other elements appearing in the third row and first column vanish.3

Removing the third row and first column from B, and taking the transpose
of the resulting matrix, one recovers the 3 x 3 real orthogonal matrix that

diagonalizes the neutral Higgs squared-mass matrix.

3The third row and first column of B are associated with the neutral Goldstone boson eigenstate.




Finally, the matrix A is invariant with respect to the rephasing of the Higgs
field Ho,

{ 0 —q11 —(21 —(31 \
A — Im(BTB) _ d11 0* Im(q75q22) Im(Qi:QQ&) |

421 _Im(Q1QQ22) 0 Im(q22q32)

KQSl —Im(gipgs2)  —Im(g32432) 0 )

Using the values of the ¢, yields,

{ 0 —C12€13  —512C13 —513 \
4 | Cr2cis 0 $13 —512C13
$12€13 —513 0 C12C13

K 513 $12C13 —C12C13 0 )

which is the most general 4 x 4 real orthogonal antisymmetric matrix.



Invariant parameter counting

Instead of B, consider the 2N x 2N real orthogonal matrix B = (ReB). After
removing the Goldstone boson eigenstate, one is left with a 2V —1 x 2N —1

real orthogonal matrix.

A =Im(B'B) is a real orthogonal antisymmetric 2N x 2N matrix.

matrix parameters unphysical phases | physical parameters
B (N —1)(2N —1) N —1 2(N — 1)?
A N(N —-1) 0 N(N —1)

Note that since A is determined by B, the number of parameters governing

A cannot be larger than the parameters that govern B. Indeed,
2(N —1)* > N(N — 1),

with equality when N =1 or 2, and inequality for N > 2.



To determine the total number of real parameters that govern the NHDM,

start with the Higgs scalar potential in the charged Higgs basis,

V =Yy (HTHS) + 12, 0 (HETHO) (HETHE).

magnitudes phases constraints parameters
Y IN(N +1) IN(N —1) 2(N — 1) N? —2N 42
2 2 4 2
Z IN?(N? + 3) IN?(N? - 1) N —1 L(N*+ N? —2N +2)
Yand Z | 2(N*4+5N? +2N) | J(N* + N? —2N) | 3N -3 | L(N* +3N? - 6N +6)

We still have to impose the scalar potential minimum conditions,

We can trade in Y77 (which is real) for v

1,2 _
Ylj + §’U le,ll = O,

for j=1,2,....N.

2

. The N — 1 complex quantities

Yi; for j = 2,3,..., N can be re-expressed in terms of the Zy;.1;, which

yields 2(/N — 1) real constraints. Finally, the complex elements of Z;;.;; can
be rephased by HKC — eWHeC for ¢t =2,3,..., N, thereby removing N — 1

phases.




Final scorecard

number of parameters governing the Higgs—vector boson couplings: 2(N —1)?
number of charged Higgs masses: N — 1
number of neutral Higgs masses: 2N — 1
Higgs vev (v): 1
additional parameters associated with the Higgs self-couplings:
(N —1)(N° 4+ N? —4)

Total number of parameters governing the NHDM:

L(N*+3N? - 6N +6)



Scalar couplings involving the
Goldstone boson

In general the scalar self-interactions involve additional (pseudo-)invariant
quantities beyond A and B. Remarkably, certain scalar couplings involving

the Goldstone bosons again depend only on A and B (and the Higgs masses).

coupling —iv X Feynman rule
Ghihy (i #7) | (m5 —m7)Ay;
G+Hj_hk; (mi{ji — mi)Bjk
G™H] (m% — mi) BJ,
J

GTG™ hy m3 Aok
GGy, m3 Ao
GTG™ hy m2 Ao

The couplings, G°H; " H;, G°h;h;, G°G=H, G°G°G , and G°GTG~,

vanish.



The quartic scalar couplings involving two or more Goldstone boson fields

depend only on A, B and Y (and the Higgs masses). For example,

coupling —iv?x Feynman rule
GTG—G+G~ 23N Tt (Ag)?
G+G—G°GY SN m (Agk)?
GOG°G°GY 33 Nt m2(Aor)?
G+G+H¢_Hj_ 222N ! iBikBjk
G-G H;HJ 2) sy miByBY,
G HPH | S BB 2,
GtG hyhe | 2[(BI1D2B)re — (BTY B)y/]
GOGOH H 2[(D3) i — Yji]

GG hihy | 2[(AD3A)w — (BYYB)]

where D% and D3 are the diagonal charged and neutral Higgs squared-mass

matrices, respectively. Using HllL = G*F and hg = G°, we can check for

consistency after noting that Yj; = 5 iNl ! m3 Aok Bjk, -



‘ Scalar coupling sum rules |

Given the NHDM Lagrangian, one can read off a variety of useful scalar

coupling sum rules. Ultimately, these sum rules are a consequence of

unitarity. Perhaps the most well known sum rule of this type is

> VVP =1,

k
or ZZ, and |h;V'V] is our notation for the coefficient
of the corresponding term that appears in the Lagrangian up to an overall
normalization (taken to be that of the Standard Model, if it exists). Other
sum rules of interest are (recall that H¥ = G* and hy = G°):

where VV = WTW~

2N—-1

N
Z [ WTHE|" =1, > [Zhphe® =1,
7=1 k=0

2N —
Z (W H; hi)[Zhihe = —i[WTH hy) .
k=0



A somewhat related sum rule is,

2N —1
hVVIE+ Y [Zhihe =1,
k=1

which is valid for  =0,1,2,...,2N — 1.

We have also uncovered a number of interesting sum rules involving quartic

scalar couplings,

N
Y [GTG H; H] = Tr(Dg) — 2Tx(Y),
J
2N —1

Z [G—I_G_hkhk] =2

k=1 =1

M= L

[GOGOH;FHJ-_] =2Tr(D3) — 2Tx(Y).

<
I



‘ Unitarity bounds for specific processes |

Focusing on specific processes of the NHDM will yield necessary (but not
sufficient) conditions that the tree-level unitarity bounds are satisfied. We
use the equivalence theorem to replace the W and Z with the respective
Goldstone bosons G* and G°. After computing the relevant scattering matrix

element M, we shall impose the condition, |[Re M| < 8.

Example 1: WTW~ — WTW~—

Here we compute the matrix element for GtG~ — G1TG~. The leading

order contribution is due to the corresponding quartic coupling,

2N—1 9 2N—1
2
M(GTG™ = GTG) Z mi [Ao]” = == > mi [V V]
which the yields the bound,
2N —1
> mi [ VV]?| < (872GeV)”
k=1




Example 2: ZH — ZH}

Here we compute the matrix element for G'H" — G°H."— (for j > 2). The

leading order contribution is due to the corresponding quartic coupling,

2
0r7r+ Orr+y 2
M(G H - G Hj)_—ﬁ(me—igj),

which yields a bound on the NHDM parameters, ‘m?{i — ijy < 4.
j

Example 3: WHH, — WTH;

Following the previous example,
_ _ 1
M(GYH} — GYH}) = —— [(BD§B");; - 2Y;] .

The resulting bound, |(BDZBTY);; — 2Y;;| < 8mv?, can be rewritten in terms
of one of the V. HH couplings,

2N —1

> mp [WHH h] W™ H by — 2Y5| < 8mo.

k=1
This provides an explicit constraint on the cubic couplings shown above.



‘ Higgs sector CP-violation—a conjecture |

If the charged Higgs bosons are non-degenerate in mass, then the Higgs
scalar potential and the vacuum conserve CP if and only if one can find an
appropriate rephasing of the doublet Higgs fields in the charged Higgs basis,
HE — eXtHS for £ =2,3,..., N, such that all the Y;; and Z, ;. are real.

An interesting “counterexample” due to I. lvanov and J.P. Sllva is the 3HDM
with order-4 CP-symmetry, with Ag and Ag complex.

V = —m} (®]®)) — m3y(®L0y + BLd3) + A1 (@]®1)% + Ay [(cb;cbg)? n (c1>§c1>3)2]
A3 (BT BV (BLBy + BId3) 4+ Na(BLDo) (DI D3) 4+ Ay | (B Bo) (Bl D BT Pa) (DD
=+ 3( 1 1)( 2 2 + 3 3)+ 3( 2 2)( 3 3)“" 4 ( 1 2)( 2 1)+( 1 3)( 3 1)

A
+ Xy (@103) (@] Do) + [As(@f@1)(@he1) + T2 [(@)21)? - (9]25)?]

T+ As(@583)2 + Ag(@hD3)(B]dy — Blg) + h] ,

Although this 3HDM exhibits a generalized CP symmetry, there exists no basis in which all
the scalar potential parameters are real. However, this model does exhibit mass-degenerate

charged Higgs bosons, and thus is not in contradiction to the conjecture stated above.



