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Motivation: the Boltzmann equation

@ how much dark matter (or anything else) is there?

Universal particle
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Motivation: the Boltzmann equation

@ how much dark matter (or anything else) is there?

Universal particle
expansion physics
——
= Np - Nfp deca
_ . M. — e —s I y
+3Hn, ==Y ChH ., %Hn r [nmj nin; — — | T terms
s ng - -Nfp

@ problem: in multi-component DM scenarios

(ow) is sometimes singular! §
example: 3
2
1l'+ P
[GeV]
mx My, My_ o Mp,  (0V)
90 130 30 160 finite Aumerical-errors?
70 130 30 160 singular physics, actually!
X iy 70 130 80 160 finite
(VFDM model: A. Ahmed et al., Eur.Phys.J.C 78 (2018) 11, 905) «— Higgs-portal model, scalars again :)
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http://doi.org/10.1016/0920-5632(96)00418-5

t-channel singularity: where the infinities come from

p1 p3
_—
my ms3
M lp:pl—p:s MN# t:p2
t— M2’ N
mo my
_—
P2 P4

t=M? = singular matrix element
= infinite cross section

if the mediator is

e IR regularization not applicable if A/ > 0 } N genuine singularity
massive and stable

@ Dyson resummation not helpful if I' =0
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t-channel singularity: examples

noticed for the 15t time:
hadronic scattering

R. F. Peierls, Phys. Rev.
N* ———4

BSM: dark matter i

Lett. 6 (1961) 641-643

SM: muon colliders
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http://doi.org/10.1103/PhysRevLett.6.641

2 < 2 process: when does the t-channel singularity occur?

P1 P3
1
m — g ms
M~ —
M lpp P L= M
Ly [p=r—rs _ .2 2
t=p~=(p1—ps3)
mg — L my _ 2 2
— — s = (p1+p2)” = (p3 +pa)
P2 P4
@ singularity < (massive, stable mediator required)
@ cross section @ thermally averaged cross section

< fmax(s) a .
a(s) D “l » m} (ov)(T) D /0(5) f(E1, B, T)ds

@ singularity condition \ \¢
\
tmin(s) < M2 < trnax(s)

~

@ from kinematics

tmin (9) - m% + m% - 2E1E3_2|p1”p3| tmax(s) - m% + m% - 2E1E3+2|p1”p3|

function of s and masses function of s and masses
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2 < 2 process: when does the t-channel singularity occur?

@ singularity condition

tmin(s) < M? < timax($)

tmin (5) = m} +m3 — 2B, E5—2|p1||ps] tmax(s) = mi +m3 — 2E1 B5+2|p1||ps]

function of s and masses function of s and masses

@ in terms of the CM energy (/s)

tmin < M < fmax |

tmin(5) < M? < timax(s)
0

asz+Bs+y<O

—BFVB%—4ay
2a

81,2 =

a, B, v — functions of m1, ma, mz, ma, M
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example: weak Compton scattering
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2 < 2 process: when does the t-channel singularity occur?

@ singularity condition

tmin(S) < M2 < tmax(s)

tmin (5) = 7”% + m25 - 2E1E372‘p1||p3‘ tmax(s) = ’ITL% + 7n§ - 2E1E3+2|P1HP3|

function of s and masses function of s and masses

@ in terms of the CM energy (1/s)

tmin(8) < M? < tmax(S)
(3

@ thermally averaged cross section k k\

functions
of masses

(ov)(T) > / " o(s) f(Er, Bs, T) ds

Smin

e conclusion: (ov) is singular if

89 > Smin = max{(m; +m2)?, (m3 +m4)*} ‘
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(ow) is singular if

|52 > Smin = max{(ma +ma)?, (ms +ma)*} |

functions of masses

ﬁ (some algebra) m

mq > M 4+ mg and my > M + mo

or

m2>M+m4andm3>M+m1

¢ Coleman-Norton theorem
S. Coleman & R. E. Norton, Nuovo Cim 38, 438-442 (1965)

"It is shown that a Feynman amplitude has singularities on the physical boundary if and only if the relevant
Feynman diagram can”be interpreted as a picture of an energy- and momentum-conserving process occurring
in space-time, with all internal particles real, on the mass shell, and moving forward in time”

note: one of the external states decays
so it cannot be an asymptotic state
= the usual approach to o invalid
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http://doi.org/10.1007/BF02750472

Coming back to our example. ..

@ condition for the singularity to occur:

My, > X + My, _ and mp, > 2mx

Yy Yo

[GeV]
mx My, My My, (ov) Yy —V_X hy— XX
90 130 30 160 finite allowed forbidden

. 70 130 30 160 [ singular  allowed allowed |
x Th 70 130 80 160 finite forbidden allowed
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Known approaches to the problem

@ complex mass of unstable particles
I. Ginzburg, Nucl.Phys.B Proc.Suppl. 51 (1996) 85-89

o finite lifetime of the particle should affect the wavefunction
o pr — Pr = pr +ipi(Tk)
o problem: (p1 — p3)? # (pa — p2)* = lack of symmetry

G. L. Kotkin et al., Yad. Fiz. 42 (1982) 692

. H G. L. Kotkin et al., Int. Journ. Mod. Phys. A 7 (1992) 4707
o finite beam width K. Melnikov & V. G. Serbo, Nucl.Phys. B483 (1997) 67
22442 C. Dams & R. Kleiss, Eur.Phys.J.C29 (2003) 11
T 242 C. Dams & R. Kleiss, Eur.Phys.J. C36 (2004) 177
° n(l’, y) - ¢ ;é 1 also related: D. Karamitros, A. Pilaftsis,
= momentum uncertainty Phys.Rev.D 108 (2023) 3, 036007

o final results proportional to the width: j dtM]* ~a

e works for colliders, but inapplicable in the cosmological context

density profile along x (a.u.)

@ Dyson resummation any textbook :)
o PP - Mt = [pP - M +T0]7!

2—M? . N .
° ST X/ [decay width] = no regularization for a stable mediator

AL o Al ,i,Af?),@iA(?), + A0 2450,),@@4(?), + o
p p p p p » p
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@ Dyson resummation any textbook )
o [P - Mt = [p? - M1 ,

2 a2 !

o oI 22, [decay width] = no regularization for a stable mediator

AL o Al ,i,Af?),@iA(?), + A0 2450,),@@4(?), + o
p p p p p » p
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@ early Universe = hot gas
@ every particle interacts with a thermal medium
@ the mean life time cannot be infinite = effective width

@ QFT in a thermal medium: Keldysh-Schwinger formalism

vacuum early Universe

note:
@ similar results for the effective width by H.A. Weldon, Phys. Rev. D 28 (1983) 2007
@ what is novel, is the application of that idea to early-Universe DM physics
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http://doi.org/10.1103/PhysRevD.28.2007

Calculation: outline

° one—Ioop self energy note: hereafter, m1 and mo
1 are masses of the loop states
§ M— L
3
(&)
[
> 2
ill(z,y) = iA1(z,y) Aly) iAa(y, z) A(x)
optical thm. = STI = 0 for stable M
@ non-zero imaginary part of the self-energy appears
as a result of interactions with the thermal medium
3 1 thermal bath . thermal bath
g i /9 mediator  + particle
.2
5 )
_;\' thermal bath 2 . unstagl_e
v condition: mq > mo + M mo >mi + M mte;r:;ielate
+ { d4k + sym sym
01 =5 | G [A (k +p) AAY™ (K, T) A+ A" (k,T) A A7 (k = p) A

(more details — backup slides)
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@ after tedious calculations... .

(assumption: m1 > mg + M) <——

S(|pl.T) = SI*(|p|, T)

1 Xo eiﬁ(bfa)eﬁEp (]_ — 6*2504) (]_ — M9 676Ep)
=— —1In|l+ 72
16w S|p| (1+n1 e=BO-0) (1 4y e=B+a)BEy)

A(m?2,m3, M?)'/? m2 —m3 + M?

a= e lpl, b= 3VE E,, E,=+vp?+ M?
Ami,m3, M?) = [m] — (mz + M)?] [m} — (my — M)?]
1 scalar
1; = +1 for fermions, —1 for bosons , Xo =19 |M|jec x {1/2 fermion
1/3  vector
@ regularization:
effective width resummed propagator

Lei(pl. T) = M~3(p|, T)

—

1 1
(t—M?)? (t—=M?)24+ ML (|p[.1)2
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@ after tedious calculations...
(assumption: m1 > ma + M)

T—0

(p|,.T) = \yH+(|p|,T) temperature dependence, > —— 0
1 X
=9 15

_ Ly 261 — 2 (1 g 2)
vanishes for 167 J|p| @W(b—@) (T + ng e Blot+a)eBEr)
mi1 — mo + M - — —
A(m?2,m3, M?)'/? _ m? —m3 + M?
[“ aar P =T e
Almi, mz, M=) = [mi — (ma + M)*|[m} — (ma — M)?]

E,=+vp?+ M?

1 scalar
1; = +1 for fermions, —1 for bosons , Xo =19 |M|jec x {1/2 fermion
1/3  vector

spin dependence
@ regularization:

effective width resummed propagator

FEfF(‘p‘aT) = AI?IE(‘p‘T)

—

1 1
(t—M?)? (t—M?)2+M?Te([p].T)?
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Numerical example: effective wid

effective width of particle X

§ mx =70 GeV  (upper plot)
,_% ,"A My, = 130 GeV My, = 30 GeV
s T
10 ] 8 mp, = 125 GeV mp, = 160 GeV
o
10015 N gz = 0.1 sina = 0.1
10-12 . . . . T g
0 200 400 600 800 1000
Ipl [GeV]
(A) effective width of particle X ) ,hl N
My < 0.5 mp, (OB)S © // .
My < 0.5 mp, < e =y, X X
102 a0 Gov ‘ W
_____________ -
[ T=20GeV !
= 10~ H
A A - : X
S 10 T=10GeV ; ’ (B) ha
[ L i e N
ol X VX
____ 3
3 W
10-10E" %E
ol Tig Pl = 20 GeV X
%0 60 70 80 %0 100 (©) Y+
my [GeV] X X
VFDM model: A. Ahmed et al., Eur.Phys.J.C 78 (2018) 11, 905 o
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http://doi.org/10.1016/0920-5632(96)00418-5

Numerical example: thermally averaged cross section

Py P
(00)12—34(T) = / 4, d®y [(Ey, By, T)

27m)* 6@ (p1 + po — p3 — p4)
005 dd, | M, |
X / 3 APy | Mgec (t — M?2)2 + M2Te(|p|, T)?

dd; = % — phase-space element
v (2’/T)3 2Ez
cross section A thermally averaged
102 =5 for X > y-hy s=sp 101} cross section for
_ 10—2 [\ W+X g W-hz
& S 63l
L 10
3 o)
5 § 1074¢
1075,
L 1076}
1 -10 _ .
0 ‘ ) unregulanze‘d ‘ o 107 ) ) ) ) ) ) >
0 20 40 60 80 - 5 10 15 20 25 30 35 40
[Pem| [GeV] T[GeV]

note: results still huge = possible impact on DM evolution //TODO ‘
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Summary: what has been achieved

@ t-channel singularity of (ov) occurs if

o the process can be seen as a sequence of decay and fusion processes

ms

my ms

M — :

meo my ma

o the mediator is massive and stable

@ the singularity is present both in SM and BSM physics e 4

@ previously proposed approaches are either unsatisfactory
or inapplicable

@ interactions with the medium result in a non-zero M
effective width that regularizes the singularity

thermal bath
o the effective width depends on the temperature and the mediator's

momentum (momentum transfer) and behaves in an expected, natural way

T—0
Leff = Ter(T', |p]) —— 0
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Summary: outlook

@ unstable initial particle necessary for the singularity to occur
=> no asymptotic states, what is o7
= a strict QFT approach necessary

Kadanoff-Boym equations? a larger diagram?

2

ms Y

my

ms

my

my

my 1 ma
I

cross section

102 s=s, for . X - w_hy s=s,

@ despite the regularization,
the cross section is still huge

o [GeV?]

= resonant-like behaviour

= impact on DM phenomenology

to be carefully investigated 10-10 — unreguiaized
0 20 4‘0 6‘0 8‘0
Pem| [GeV]

18/18

Michat Iglicki Thermal regularization of t-channel singularities of scat. processes

Scalars, 15 September 2023



Summary: outlook

@ unstable initial particle necessary for the singularity to occur
=> no asymptotic states, what is o7
= a strict QFT approach necessary

Kadanoff-Boym equations? a larger diagram?

2

ms Y

my
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I
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Boltzma nn eq uation ; deta | |S E. Kolb & M. Turner, The Early Universe

P. Gondolo & G. Gelmini, Nucl.Phys.B 360 (1991) 145-179

. o ng...n
o+ 3Hng == Chp g (00)ijpi g {nmj — Ny M}
9oF ?”Lf1 . an
_ nf .. .an
- Ccr, (T)iy {n-—n-l]
1;' e e anl"'an
n, . — number density and equilibrium number density
H — Hubble parameter
combinatoric factors:
T :5’Lw+§J$_6f11__6wa T =5 -6 _ —5
ij—f1...fr — 1 _|_5Zj ) i—f1...fr — Yiz fiz e frx

thermally averaged cross section and decay width:
9i9j / Pp; dp;

(OV)ijmfrofr = Fi0) Fi(P5) vij Oij— fy oo i

T_Lﬂ_lj (271') (271')
i [ dpi
<F>iﬁ.f1~f27m;ft‘ = 7—71 (27T)3 fl( 1) B, Liefy for fr
f(p) — equilibrium distribution function (Bose-Einstein or Fermi-Dirac)
g — internal degrees of freedom
[(pip;)? = m2m?]"?
Mgller velocity: wv;; = \/(vl —v;)2—(vixv;)?2=
: E,E;

Scalars, 15 September 2023 Michat Iglicki Thermal regularization of t-channel singularities of scat. processes


https://doi.org/10.1201/9780429492860
https://doi.org/10.1016/0550-3213(91)90438-4

Values of sq, s9 in terms of masses

@ in terms of the CM energy (/s):

as’+Bs+y

fmin < M? < tmax

tmin(5) < M? < tax(s)
< S < s < 89

L= “BFVE 4o
c 20

| as?+PBs+y<0 |

S1

a= M?
B =M* = M*(mf +mj +m3 +mi) + (mf —m3)(m3 —mj)

¥ = M?(mi — m3)(m3 — mi) + (mimj — mimg)(m} —m3 — m3 + m3)
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Known approaches to the problem

— complex mass of unstable particles I Ginzbure, Nucl Phys.B Proc Suppl. 51 (1996) 35-89

mq

idea: finite lifetime should affect the wavefunction

@ at rest: gimit _, gimit—Tht
o — I
= et my=my|1+i—
mi

- I
@ after Lorentz boost: p; — p1 =p1 (1 + zl>
my

— problem: (py — p3)? # (P4 — D2)? = lack of symmetry

(momentum conservation...)
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https://doi.org/10.1016/0920-5632(96)00418-5

. L. Kotkin et al., Yad. Fiz. 42 (1982) 692

Known approaches to the problem e e e

Melnikov & V. G. Serbo, Nucl.Phys. B483 (1997) 67

— finite beam width . Dams & R. Kleiss, Eur.Phys.J.C29 (2003) 11

. Dams & R. Kleiss, Eur.Phys.J. C36 (2004) 177

idea: at colliders, the beams have finite size

4

they should not be treated as plain waves

example:

Gaussian beam moving along z axis

a>2+y2
n(z,y) ~e  2a2 a — beam width

—— density profile along x (a.u.)

/ dt /a3 e~ 2 d®k dt
—
[t — M? + ie|? (2m)3/2 (t—M?2+ie—r-q)(t — M? —ie+r-q)

Ta |:E3 :|
~ T 4= |-P1—P3
] Ey t=M?

— problem: inapplicable in cosmological context
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http://arxiv.org/abs/hep-ph/0212301
http://arxiv.org/abs/hep-ph/0309336

Known approaches to the problem
— Dyson resummation
iA iA©) iAO) iAO) iA©) iAO ZA ©
,,,,,, = _=___ + /= =__ + /= Rl
p p p @ p @

assumptions: [TI| small, p? ~ M?

1 1
scalar: _ - -
P2 — M2 - P2 — M2 111
+M +M
fermion: % — Y Y
p*—M p? = M2+ Tr [P
o + PuPv w+ pupu
vector: 9;“/72 — e -
- M M2 (guy+p;§)nﬂu
SII
= regulator: »=<S (TT { D
o+ 2)m
— problem:
oM [decay width] = no regularization for a stable mediator

opt. th.
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Known approaches to the problem
— Dyson resummation
iA iA©) iAO) iAO) iA©) iAO ZA ©
,,,,,, = _=___ + /= =__ + /= Rl
p p p @ p @

assumptions: [TI| small, p? ~ M?

1 1
scalar: _ - -
P2 — M2 - P2 — M2 111
+M +M
fermion: % — Y Y
p*—M p? = M2+ Tr [P
_ + PuPv w+ PMPV
vector: 9;“/72 — e -
- M M2 (guy+p;§)nﬂu
SII
= regulator: »=<S (TT { D
oG5
— problem:
?
oM [decay width] = no regularization for a stable mediator

opt. th.
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Calculation of the one-loop self-energy

@ one-loop contribution to the self-energy

il(z,y) =il (z,y) Ay) ila(y, x) A(z)

thermal bath 1

M L m L M
M7 )
2 2
thermal bath

@ non-zero imaginary part of the self-energy appears as a result of interactions
with the thermal medium of particles

) d4k sym sym -
(. 7) = 5 [ g [AT () ANT™ (. T) A+ AY™(5.T) A (k=) A

A (k,T) = —(5(E1 — ko) +6(E; + ko)) x [2m; f(E;,T) — 1] x (numerator)

tor)

A% () = (numera E; = \/ﬁ»

7 (p) p? —m? +isgn(po)e’ o
FE,T) = (e®/T 4 ;)71 , ni = +1 for fermions, —1 for bosons
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Result discussion: general properties

¢=Bb=0) BB, (1 ¢=260) (1 — iy —5F0)
(1 +m e_ﬁ(b_“)) (1 + 12 e‘ﬁ(b"ra)eﬁEp)

m? —m3 + M? 5
WE P
A(mi,m3, M?) = [m] — (ma + M)?] [m} — (ma — M)?]

a= Ip|, b= E,=+vp?+ M?

1 scalar
1; = +1 for fermions, —1 for bosons , Xo=n9|M|jec x {1/2 fermion
1/3  vector

observations:

o b>a-+ E,, since E, > |p| and m? —m3 — M? > \!/2
a>0and £, >0
a, b and E, do not depend on T

sgn(logarithmic part) = 1y = sgn(Xy) = >0
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Result discussion: limiting cases

e~ P=a)ehEy (1 - 6’25“) (1 — MmN efﬁEp)
(1 +m e—ﬁ(b—a)) (1 + 12 e—ﬁ(b+a)eﬁE,,)

%(|pl,T)

1+

1 X
=— ——1n
167 S|p|

@ my = mgy + M (no decay)

A(mi,m3, M?)'/2

“ 2 M2

lp| — 0O = X—0

@ 3 — oo (zero temperature) or p — 00

ﬁa7ﬂbaﬂE])_)OO = ln[1—|—}—>0 = =0

* minimal energy E> needed to produce particle 1
on-shell increases with |p|

1
= statistical suppression M A A M
thermal bath

* zero temperature <> no medium: f(E,T) — 0

e p — 0 (mediator at rest)
Xo  A(mi,m3, M*)'V2 mpe” P07 (1= mumpe™ M) g
.
167 M M? (14 nre=Pb) (14 noe=Albo=M)) result
by = (m} —m3 + M?)/(2M) > M
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